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INTEGRAL TRANSFORMS AND DEFORMATIONS OF K3 SURFACES 


E. MARKMAN AND S. MEHROTRA 


Abstract. Let X be a K 3 surface and M a smooth and projective moduli space of stable 
sheaves on X of Mukai vector v. A universal sheaf % over X x M induces an integral 
transform : D b (X) —> D b (M) from the derived category of coherent sheaves on X to 
that on M. 

(1) We prove that is faithful. is not full if the dimension of M is > 4. 

(2) We exhibit the full subcategory of D b (AI), consisting of objects in the image of , as 
the quotient of a category, explicitly constructed from D b (X), by a natural congruence 
relation defined in terms of the Mukai vector v. 

(3) Let 9Jl° be a component of the moduli space of isomorphism classes of marked irreducible 
holomorphic symplectic manifolds deformation equivalent to the Hilbert scheme X ^ of 
n points on a A'3 surface X, n > 2. 101° is 21-dimensional, while the moduli of Kahler 
K 3 surfaces is 20-dimensional. We construct a geometric deformation of the derived 
categories of K 3 surfaces over a Zariski dense open subset of 9J1°, which coincides with 
D b (X) whenever the marked manifold is a moduli space of sheaves on X satisfying a 
technical condition. 

Statement m assumes Coniecture ll.Gl asserting that the dimension, of the Erst sheaf cohomol¬ 
ogy of a reflexive hyperholomorphic sheaf with an isolated singularity, remains constant along 
twistor deformations. The conjecture is known to hold for hyperholomorphic vector bundles. 
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1. Introduction 

1.1. A faithful functor. Let X be a projective K 3 surface, H an ample line bundle on 
X, and M := Mjj{v) the (coarse) moduli space of Gieseker-Simpson iL-stable sheaves § on 
X whose Chern classes are specified by the vector v = w(<p) := ch{S)y/tdx in the integral 
cohomology of X. M is a smooth holomorphic-symplectic variety, by [Mulj . We shall assume 
here that there aren’t any strict semi-stable sheaves of class v, so that M is projective. There 
is a numerical criterion which guarantees this: it amounts to choosing H to be v-generic, that 
is, in a region complementary to a countable union of suitable hyperplanes depending on v. 
While X x M need not carry a universal sheaf, there always exists a quasi-universal sheaf on 
it (see the appendix of |Mu3j ). In other words, there is a twisted sheaf % on X x M which 
is universal locally on M in the etale or analytic topology (see m)- 

Write 7Tx and ttm for the two projections from X x M, and let <f>^ : D b {X) D b (M,6 ) 

be the integral transform 

(1.1) dV(-) : = 7 Tm,*(t ix(-)®^0- 

Here 0 is the class of in the Brauer group of M, D b (M, 0) stands for the bounded derived cat¬ 
egory of 0-twisted coherent sheaves on M, and ttm,* and n* x are derived functors appropriately 
defined in this context. We refer the reader to m for a careful discussion of this formalism. 
Suffice it to say that most of the familiar properties of duality and the usual functorial calculus 
for derived categories of coherent sheaves continue to hold here. In particular, it follows by 
Serre duality for twisted sheaves that 4% has a right adjoint 4%(_) := ttx,*(^m(-) ® ^ V )[2]. 
The composition o <f>^ : D b (X) —> D b (X) is the integral transform with kernel 

(1.2) ^ := 7t 13i *(7 tIlux ® 7H* 2 W v <8> 7r^(^))[2] € D b {X x X), 

where 7is the projection from X X M X X onto the product of the 7-th and j-th factors. 

The Mukai lattice H(X, Z) of the K 3 surface X is the integral cohomology H*(X,J.) en¬ 
dowed with the Mukai pairing (u,v) := — J s u w U v, where the duality operator u i->- u v 
changes the sign of the direct summand in H 2 (X, I). If u = ch{E)y/tdx and v = ch(F)y/tdx 
are the Mukai vectors of two coherent sheaves E and F on X, then (u,v) = ~x(E* <g) F), by 
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Hirzebruch-Riemann-Roch, where the dual E* and the tensor product are taken in the derived 
category, and x is the Euler characteristic. The dimension of the moduli space M := 
discussed above is 2 + (v,v). Denote by A : X —>• X x X the diagonal embedding. 

Theorem 1.1. (Theorem \2.2\) . Let v E H(X, Z) be a primitive class with (v,v) = 2n — 2, 
n > 2, and H a v-generic polarization. One has a natural morphism 

n —1 

a : A*Gx ©c Ext 2 * (Gmi Gm ) [— 2i] —> szi . 

i =0 

(1) When M := Mh(v) is the Hilbert scheme of n points on X and % is the universal 
ideal sheaf the morphism a is an isomorphism. In particular, a choice of a non-zero 
element of the one-dimensional vector space Ext 2 (Gm, Gm) yields an isomorphism 

= *G x [-2i\. 

(2) In general, for v arbitrary, the structure sheaf of the diagonal A*Gx is a direct sum¬ 
mand of srf in D b (XxX). In particular, the integral transform <3?<^ : D b (X) —>• D b (M, 6 ) 
is faithful. 

Part Q of Theorem 12.21 was independently proven by Nick Addington [Adj . The isomor¬ 
phism srf = ©^Lq 1 A*G x [— 2z] was established for some moduli spaces of torsion sheaves on 
K 3 surfaces in jADMj . Further cases where a is an isomorphism are provided in Lemmas 
16.91 and 16.161 The proof of the first part of Theorem 11.11 relies heavily on Haiman’s work 
[Hall Ea2] on the nl-Conjecture on one hand, and the derived McKay correspondence of 
Bridgeland-King-Reid on the other [BKR] . The second part makes use of results of Mukai, 
O’Grady, and Yoshioka, which show that there is an isomorphism of Hodge structures between 
H 2 (Mh(v), Z) and the orthogonal complement u 2- of the Mukai vector v in the Mukai lattice 
of X ( |Mu41 ()(’. 1 IYl i|, see also Theorem 12.161 below). 

1.2. The full subcategory of D b (M,9) with objects coming from the surface. Denote 
by D b (X) T the full subcategory of D b (M, 8 ) with objects of the form 3%(a;), for some object 
x in D b (X). We provide next an explicit computation of D b (X) T . We will use the following 
standard construction in category theory. 

Definition 1.2. [IMac i, Section II.8]. Let ^ be a category. 

(1) A congruence relation 91 on 'if consists of an equivalence relation 9 % lyX2 on Hom(xi, X 2 ), 
for every pair of objects x\, X 2 in 'if, satisfying the following property. Given mor- 
phisms /i ,/2 : x\ —>• X 2 related by 91^^, objects xq, X 3 of c £, and morphisms 
e : xq —>• x\ and g : X 2 —>• X 3 , the morphisms gf\e and gf 2 e are related by ^ X 0 ,x 3 
in Hom(.xo,X 3 ). 

(2) Let 91 be a congruence relation on 'if’. The quotient category ( fj /91 is the category 
whose objects are those of 'if and such that Hom^(xi,X 2 ) := Hom^(xi, ®2)/91x 1 ,a: 2 - 
The natural functor Q : ^ —» < ^’/91 is called the quotient functor. 

An explicit computation of D b (X) T as a quotient category requires an explicit category 'if 
and an explicit relation 91. We take ^ to be the full subcategory D b {X)~ of D b (X x M ) 
with objects of the form tt* x {x), for some object x in D b (X). Set Hom^j,^_(x, y) := 
©jgzHom^b^j^x,!/^]). The category D b (X)~ is explicit, since 

Hom L> b (x)-( x ^y) '■= Roui n>>(XxM)( 7r *x x ; ^x'y) = Hom ^6 (Js:) (x, y) © Hom^ (M) (^M, G M )- 
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We describe next a congruence relation on D b (X)~. Set pt := Spec(C) and let c : M —>• pt 
be the constant morphism. We get the object Y(Gm) '■= Rc*Gm in D b ( pt). As a graded 
vector space Y(Gm) is ©” =0 H 2 l (M, Gm)[~ 2i], where n = dim c (M)/2. Given a graded vector 
space V, let 1 jjb/ x \ ©c V be the endofunctor of D b (X ) sending an object x to x (8> c V. Set 

T := 1_d 6 (x) ©c 

R := Az 3 fe (AsT) <©c Gm)[~2 nJ. 

These two endofunctors are integral transforms with kernels := A*Gx <S>c Y(Gm) and 
£% := X*&x®cH 2n (Mi Gm)[~ 2n] inD^XxJ). Let 7 t_y : XxM —> A be the projection. Note 
that the endo-functor T is naturally isomorphic to Rttx„ ° We thus have the adjunction 
isomorphism 

(1.3) Hom D b (x) .(x,y) := Hom D b (XxM) (7r^x, 7r^y) = Hom D 6 (x) (x, T(y)). 

The congruence relation 9a is defined in terms of a natural transformation 

h : i? —> T, 

which we define next. The natural transformation h is induced by a morphism h : £% —>• S2L 
Write h = Ya=o ^2* according to the direct sum decomposition of Y(Gm), so that 

h 2i : A*(^)® c ^ 2n (M,^ M )[-2n] -A X,{G x ) ®c H 2 n ~ 2 i \M, G M )[2i - 2n\. 

Mukai’s Hodge isometry (|2.18l) provides a canonical identification of H 2 (X, Gx) with H 2 (M, G\j)■ 
It follows that the morphism h 2 i is naturally a class in Honixx x(Ax,*(&x), ^x,*(wf-*)[2i]), 
as we carefully check in Section [3j In particular, h 2 is a class in the Hochschild homology 
HHq(X). The Hochschild-Kostant-Rosenberg isomorphism (reviewed in Section 12.41) maps 
the Mukai vector v to a class in HHq(X). We set h 2 to be the image of v, ho := —1, and 
/t 4 := — (h 2 ) 2 . We necessarily have h 2 { = 0, for i > 2, for dimension reasons. 

Given an object x in D b (X ), let 

h x : x <g) c H 2 n (M , Gm ) [ 2?r] —>• x <8> c Y(Gm) 

be the morphism induced by the natural transformation h. Consider the relation 91 on D b {X)~ 
given as follows. The morphisms /i, f 2 in Hom^&pq (xi, x 2 ) are related by 9t Xlj x 2 , if an d only 
if fi ~ fi belongs to the image of the homomorphism 

(1.4) (h X2 )* : Hom D i,( X )(xi,x 2 ) ® H 2 n (M, G M )[-2n\ -> Hom B i, (x) .(xi,x 2 ) 

induced by composition with h X2 . It is easy to check that 91 is a congruence relation, as we 
do in the proof of Theorem 13.31 

We describe next the functor inducing the equivalence between D b (X)j and the quotient 
category D b {X)~/ 91. Let : D b (X x M) D b (M,9 ) be the composition of tensorization 
by followed by Ritm *• Then o -k* x . Let Q : D b {X)~ —> D b (X) T be the restriction 

of the functor S^. 

Theorem 1.3. (Theorem \3.Sft) Assume that the morphism a in Theorem \1.1\ is an isomor¬ 
phism. 

(1) 91 is a congurence relation. 

(2) The kernel of Q : Hom D 6( Y )^(x, y) —> Horn D b^ M ^(^^(x),^^(y)) is identified with 

the image of (h y )* : Horn D br X )( x , R(y)) Hom^^^x, T(y)) via the adjunction iso¬ 

morphism (Eg) . 
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(3) The functor Q is full. Consequently, Q factors as the composition of the quotient 
functor D b (X)~ —> D b (X)~/9\ and an equivalence functor D b (X )~/93 = D b (X)- I . 

As a consequence we obtain the description of the Yoneda algebra of for a simple 

sheaf F on I, as the quotient of the tensor product of the Yoneda algebras of F and &m 
by the principal ideal generated by an explicit relation (Theorem 13.211) . Related results were 
obtained by A. Krug for the Hilbert scheme of points on a projective surface [El- 

Let us describe the key ingredient in the proof of parts ([2]) and © of Theorem 11.31 The 
equality <3?^ = E ^ o tt x gives rise to a natural transformation q : T — >• o given by 

q := Rttx, V Tjo where V- 1 D b (XxM) ° is the unit for the adjunction E^ H E^. 

The natural transformation q , in turn, is induced by a morphism of kernels q : —>• si. We 
get an exact triangle in D b (X x X), which admits a splitting 

(i.5) ^-W-WA^[i], 

by Proposition 13. 91 and Theorem 13.101 The functor Q of Theorem 1 1.31 is induced by the natural 
transformation q : T —>• o <3?^ in the sense that the following diagram commutes 

Hom D 6(. Y )(.T, T(y))-Hom Db(x) (x, 


Horn Db ( XxM )(ir* x x,ir* x y) Horn D 6 (M 0) (<R^(x), <f>^(y)), 

where the vertical arrows are the adjunction isomorphisms (Theorem 13.21) . Parts © and © 
of Theorem 11.31 follow immediately from the splitting of the exact triangle (11.511 . 


1.3. A reconstruction of D b (X) as a category of comodules of a comonad. We shall 
be using the categorical device of (co)monads and (co)modules over them in order to recover 
the category D b (X ) in terms of data in D b (M x M). The latter data will then be deformed 
with M yielding non-commutative deformations of D b (X). Let us briefly recall the necessary 
notions here. A detailed presentation can be found in Chapter VI of Mac Lane’s text [Mac]. 
A comonad L on a category A is simply a comonoid object in the functor category End(A). 
Explicitly, L is a triple (L, e, 5) where L : A —>• A is an endofunctor, and the counit e, and 
comultiplication 5 are natural transformations 

e : L —* I, 

5 : L —> L 2 , 

satisfying coassociativity: 


( 1 . 6 ) 


L 


L 2 


L6 


L 2 


5L 


L 3 


and the left and right counit laws: 


(1.7) L^=L^=L 

6 
L 2 


IL 


eL 


Le 


LI 
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Associated to any adjunction F : X —>• A, G : A —>• X , with F H G, there is a natural comonad 
with L = FG : A —y A, e the counit of the adjunction, and 5 = FrjG : L —>• L 2 , where rj is the 
unit of the adjunction. 

A comodule for a comonad (L, rj, 5) is a pair (a, h) consisting of an object a E A and an 
arrow h : a —> La such that 5 o h = Lh o h and e o h = id. A morphism / : (o, h) —>• (a 7 , /i 7 ) is 
an arrow / € Horn/t (a, a 7 ) which renders commutative the diagram 


La 
Lf 
La'. 


The set of all L-comodules together with their morphisms form a category A L . Finally, 
monads, and modules over monads are simply the notions dual to those defined above. 

Adjoint pairs of functor naturally give rise to (co)monads. In our situation, let L be the 
composition ° '1% : D b (M}{{v),9) — > D b (MH(v),9). The adjunction H yields the 
unit rj : o &q,^-id, the counit e : o \I 'f^—^-id, and the comultiplication 

(1.8) <5 = : L-^L 2 . 

These define a comonad L := (L,e,5) in D b (MH{v),9). We get the category D b (MH{v),9) h 
of comodules of L. Denote by : D 1 > (Mh{v),6) Ij -a- D b (MH{v),9) the forgetful functor 
/i) = For (co)monads given by adjunctions, there is a natural comparison functor 
from the source category to the category of (co)modules, which in our case will be denoted as 
<1 : D b (X) — >D b (MH(v),9) L . It takes € D b (X ) to the comodule ( < f%(^ 7 ), 

The unit rj : id^'S’qr o is split by Theorem 11.11 Hence the triangulated version of the 
Barr-Beck Theorem [El IMS] (see also }Bal2| l immediately yields: 

/V , rsj 

Proposition 1.4. The comparison functor d> : D b {X) D b (MH(v),9) h is an equivalence of 
categories. In particular, it induces the structure of a triangulated category on D b (Mn(v),9) L 
such that the forgetful functor is exact. 

This captures D b (X) in terms of structures defined only on 


1.4. A deformation of AT3-categories. The deformations of Mh(v ) arising from those of 
the underlying K3 surface X form a 20-dimensional locus in the 21-dimensional Kuranishi 
deformation space of Mh(v). Thus the generic deformation of Mh(v ) is not a moduli space of 
sheaves. The next theorem interprets these as arising from “non-commutative” perturbations 
of X. More precisely, we construct deformations of D b (X) which correspond to those of Mjj(v) 
away from the moduli space locus. 

Let IX € D b (Mn(v) x Mh(v), 7rJ : 0~ 1 7r|0) be the kernel of the endofunctor L. The object 
X plays a prominent role in the study of the geometry and cohomology of the moduli spaces 
Mh{v) (see |Mu3, KLS1 iMalj ). Let 7 Tij be the projection from Mh(v) x X x Mjj{v ) onto the 
product of the z-th and j-th factors. X is a complex with cohomology concentrated in degrees 
— 1 and 0: 

(1.9) 

where S’ is a twisted reflexive sheaf of rank (dim — 2). 
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Definition 1.5. We shall refer to TP as the modular complex of Mh{v), and to £ as the 
modular sheaf of to emphasize their origin. The sheaf of Azumaya algebras £nd(£) 

will be referred to as the modular Azumaya algebra of 

Let A be a K 3 surface with a trivial Picard group and let TP E D b (X^ n 1 x iW) be the 
kernel of the endofunctor L , so that its square L 2 has kernel the convolution TP o TP. By 
Proposition 5.1 of jC2j . the counit e and the comultiplication 8 of L correspond to morphisms 
of objects 8P —>• &i\ and TP —>• TP o TP, respectively; denote these by e and 8 also. Thus we 
have the comonad object 

( 1 - 10 ) 

in D b (X N x representing the comonad L. 

We recall here some of the results obtained in | }MM2| which are required for the statement 
of the deformability of the comonad object given in Equation (11.101) (Theorem 11.81) . A holo- 
morphic symplectic compact Kahler manifold M is said to be of A"3^ -type, if it is deformation 
equivalent to the Hilbert scheme of length n subschemes of a K 3 surface X. The sec¬ 
ond integral cohomology of M is endowed with a non-degenerate integral symmetric bilinear 
pairing of signature (3, 20) called the Beauville-Bogomolov-Fujiki pairing [Ee 2 | . Fix a lattice 
A isometric to H 2 (X^ n 1,Z). A marking for such M is an isometry 77 : H 2 (M, Z) —>• A. Let 21 
be a reflexive sheaf of Azumaya algebras on M x M that is infinitesimally rigid, slope-stable 
with respect to some Kahler class u on M, and having the same numerical invariants as the 
modular Azumaya algebra £nd(£) above (see [MM2l Section 1]). In particular, C 2 ( 2 l) is mon- 
odromy invariant, under the diagonal action of the monodromy group of M on H i (M X M, Z), 
and hence remains of Hodge type under every smooth Kahler deformation of M. Associated 
to a Kahler class u on M is a twistor deformation 7 r : X —>• P^, where P^ is the smooth 
conic defined in the complex projective plane P© iL 0 , 2 (M) © Cw) via the Beauville- 
Bogomolov-Fujiki pairing. The w-slope-stability of 21 and the invariance of C 2 ( 2 l) imply that 
the sheaf 21 is w-stable hyperholomorphic in the sense of Verbitsky m, which means that 
it deforms to a reflexive sheaf of Azumaya algebras 21 over the fiber square X x P i X of the 
twistor family. We shall be only interested in reflexive sheaves 21 which additionally satisfy a 
technical condition on their singularities spelled out in [MM2i Condition 1.6], but which we 
do not state in full here. 

Conjecture 1.6. }MM2l Conj. 1.12] Let M be an irreducible homolorphic symplectic mani¬ 
fold, uj a Kahler class on M, and E a reflexive u-slope-stable hyperholomorphic sheaf on M 
with an isolated singularity. Assume that H l (X,E) = 0. Denote by (Xt,Ef), t E P^, the 
twistor deformation of ( M,E ). Then H l {X t ,E t ) = 0, for all t E P]),. 

The above conjecture is a theorem of Verbitsky when E is locally free |V3l Cor. 8.1]. 
Theorem 1.7. Assume that Conjecture 1 1. 61 holds. 

(1) [MM21 Theorem 1.8] There exists a coarse moduli space 911a of triples (M, 77 ,21) as 
above which is a non-Huasdorff complex manifold. The period map 

P : 9Ha —» {x E P[A (g) C] : (x, x) = 0, (x, x) > 0} 

given by (X, 77 ,21) i->- i](H 2 '°(M)) is a surjective local analytic isomorphism. 

(2) [MM21 Theorem 1.9] The restriction of the period map to each connected component 
9JT]( °f ^A is generically injective in the following sense. When the Picard group of 
M is trivial, or cyclic generated by a class of non-negative Beauville-Bogomolov-Fujiki 
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degree, then a point (M , 77 ,21) of 911° is the unique point of 911° in the corresponding 
fiber of P. 

Fix a component 911° of 911 a containing a point of the form (Xq^, 770 ,2lo), where X 0 is a 

K3 surface with a trivial Picard group and 2lo is the modular Azumaya algebra of the Hilbert 
r n j 

scheme Xq . The modular Azumaya algebra 2to is cu-slope-stable, with respect to every Kahler 
class uj on xj^ x xj ^, by |Ma7j . Denote by 

(1.11) mib C 0J& 

the subset consisting of triples (X^, 77 ,21), where X is a K 3 surface with a trivial Picard 
group, XN is its Hilbert scheme, and 21 is the modular Azumaya algebra. By a Zariski open 
subset of an analytic space we mean the complement of a closed analytic subset. In view of 
Proposition 11.41 the following theorem is the deformation result mentioned above. 

Theorem 1.8. Assume that Conjecture II. hi holds. There exists a Zariski dense open subset 
U C 9H°; containing TLilb, a universal family it : M. — >• U of irreducible holomorphic symplectic 
manifolds, and a Brauer class 0 of order 2n — 2 over the fiber square M 1 2 := M. Xjj A4 with 
the following properties. 

(1) The triple given in Equation hi. 1(A) . deforms to a comonad object L := 

(W,e,5) in D b (M 2 ,@). 

(2) Given an open subset V of U , denote by A4y the restriction of A4 2 to V and by Qy 
the restriction of 0 to M. 2 r . Define M.y and &y similarly. When V is contractible 
and Stein, there exists a Brauer class 6 over My, such that Qy = 7r*0 _1 7r|0, so that 

induces an endo-functor of D b {M. v,0). 

(3) The category of comodules D b (A4y,0) h carries a 2-triangulated structur <0 such that 
the forgetful functor D {i (A4y,0) L —>• D b (M.y,6) is 2-exact. The same holds for the 
category D b (A4 u ,9 u ) lju of comodules in D b (M. u ,9 u ) for the fiber M. u of ir over each 
point u in U. 

(4) D b (A4 u ,Q u ) hu is a K3-category in the sense that the shift [2] is a Serre functor. 

(5) The open set U is large in the following sense. Let M be an irreducible holomorphic 
symplectic manifold of K3^ -type, whose Picard group has rank < 20. Then there 
exists an Azumaya algebra 21 over M x M, such that the triple (M, 77 ,21) belongs to U. 

Part [T| of the theorem is proven in section 16.11 part [2] in Remark 16.51 part [3] in section 16.21 
part [4] in section 16.41 and part [5] in section 16.31 

Let X be an algebraic A'3-surface with Picard rank less than 20. In Section [7] we show 
that the deformations of X constructed in the above theorem via those of the Hilbert scheme 
XN may be interpreted infinitesimally as deformations of the category of coherent sheaves 
Coh(X) (see [To]). In fact, this family of deformations is the maximal family of generalized 
(non-commutative and gerby) deformations along which ideal sheaves of length n subschemes 
deform as objects of Coh(X). Similar statements are true of deformations coming from those 
of Mh(v ) provided the triple y = (Mh(v), 77 ,21), with 21 the modular Azumaya algebra of 
Mh{v) (of Definition II.51) . belongs to 211° . 

1 By a comonad object we mean that the convolutions & o & o • • • o & are well defined and are all objects 
of D b {.M 2 , 0). Furthermore, the counit e : (X —> &a m and comultiplication 5 : & —> (Z o & satisfy the axioms 
of a comonad. 

2 A 2-triangulated category is an additive category satisfying all the axioms of a Verdier triangulated category, 
except the octahedral axiom. See H6.2I 







INTEGRAL TRANSFORMS AND DEFORMATIONS 


9 


There are natural homomorphisms 

HH 2 {X) ^ H o mi xM^,f[2]) ^-HH 2 {M) 

from the Hochschild cohomologies of X and M. The left homomorphism is an injection, while 
the right is an isomorphism. Inverting the right arrow and composing defines a homomorphism: 

f HH : HH 2 {X) -> HH 2 (M). 

Set HT 2 (X) := H°(A 2 TX) © H 1 (T X) © H 2 (Ox) and similarly for M. Conjugating <f> HH with 
the Hochschild-Kostant-Rosenberg isomorphisms yields a map 4> T : HT 2 (X ) —>• HT 2 (M). For 
any class t E HT 2 (X), let Coh(X,t) denote the first-order deformation of the category of 
coherent sheaves of X in the direction t (see the general construction by Toda |To| 1 . Given a 
tangent vector £ at a point u in the open subset U of Theorem 11.81 denote by Mg the first 
order deformation of the fiber M u over the length 2 subscheme of U corresponding to £. Let 
0_£ be the restriction of the comonad data L to Mg. Recall that Mukai vectors of objects of 
D b (X) are naturally elements of HHq(X) and that the Hochschild homology HH*(X) is an 
HH*(X)- module [ C2| . Let onn(u v ) C HT 2 (X) be the image via the HKR-isomorphism of 
the subspace of HH 2 (X) annihilating the dual of the Mukai vector v. 

Theorem 1.9. Keep the notation of Theorem ] 1. 1\ and assume that the morphism a in Theorem 
\1.1\ is an isomorphism. 

(1) The image 4> T (ann(u v )) is the following subspace of HT 2 (M): 

{(£,0) : £eF 1 (TM), 9 E H 2 {ff M ), and £ • ci(a) + (2 - 2n)9 = 0}. 

(2) Let (j) T : HT 2 {X) —> H l (TM) be the composition of <f> T with the projection HT 2 {M) — > 
H l (TM). Then f) restricts to ann(v v ) as an isomorphism onto H l (TM). Fix a class 
t E ann(v w ) and set £ := (f> T (t). The comonad category D b (A4^) h ^ of Theorem \1.8\ 

is a triangulated category equivalent to the derived category D b (Coh(X , t)). 

1.5. Notational conventions. We shall be working throughout over the complex numbers. 
The spaces that we deal with will be denoted by roman letters, while their deformations will 
be denoted by the corresponding calligraphic letters. For instance, if X is a K3 surface, then 
X will stand for a flat family with X as its central fiber. Azumaya algebras will be denoted by 
fraktur letters, such as 21. Sheaves, and more generally, complexes of sheaves in the derived 
category will be denoted by script letters, while their deformations will be denoted by the same 
letter decorated with an over-line: for example, S’ and S. The same notational convention for 
deformations will be followed for Azumaya algebras and for morphisms between complexes. 

Given schemes or analytic spaces X and Y. and a morphism / : X —>• Y, we denote 
by f* : D b (Y) —> D b (X) the left derived functor of the pullback functor from Coh(Y ) to 
Coh(X). When / is proper /* : D b (X) — >• D b (Y ) will denote the right derived functor of 
the direct image functor. Occasionally, we will use the notation Lf* and Rf * for the same 
functors to emphasize their derived nature. 

Acknowledgments: We thank Ivan Mirkovic for pointing out to us the relevance of the 
categorical concept of monads. The work of Eyal Markman was partially supported by a grant 
from the Simons Foundation (#245840), and by NSA grant H98230-13-1-0239. Sukhendu 
Mehrotra was partially supported by a grant from the Infosys Foundation, and FONDECYT 
grant 1150404. He thanks Daniel Huybrechts for a useful conversation, to Emanuele Macri 
for kindly inviting him to the Hausdorff Institute, and the institute for its hospitality. He is 
grateful to Paul Balmer and Matthias Kiinzer, and especially to Moritz Groth for very useful 
email correspondence about Wtriangulations. 
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2. A UNIVERSAL MONAD IN D b (X X A") 

2.1. The monad associated to a morphism of varieties. The following basic construction 
will be used repeatedly in the proof of the main result of this section. 


Construction 2.1. Let / : T —>• S be a morphism of smooth and projective varieties. We get 
the endofunctor /*/* of D b (S), where the pullback and push forward are in the derived sense. 
Denote by u : I 5 —>• /*/* the unit for the adjunction, and let e : /*/* —> It be the counit. 
Set n := /*e/* : /*/*/*/* —>• /*/* and consider the monad ¥ := (f*f*,u,p) in D b (S). Any 
object, which is isomorphic to for some @ £ D b (T), admits an action 

(2.1) f*f*f*9 ^ 

so that the pair (/*3f, /*e) is an object of the category D b (S) Y of modules for the monad. We 
get the functor 

/* : D b (T) —► D b (S) Y , 

sending an object of D b (T) to /*(!#) := (/*£^,/*e). What is more, under the isomorphism 
f*f*f*@ —>• fYS <g> f*0T, this monadic action can be seen as an action of the algebra object 
/* Gt- Indeed, recall that the product on f*0x is given by the composition 

f*0 t ® f*0T f*f*f*f*0s —^ f*f*0s — f*0T- 

The desired compatability between the the product on f*0x and its action on an object 
f*(&) '■= (/*5f, /*e) now follows from the axioms for a module for the monad ¥. 

2.2. A splitting of the monad. Keep the notation of Theorem ll.il Set pt := Spec(C). Let 
c : M —> pt be the constant map and set Y(0m) '■= Rc*(0m), as an object in D b (pt). Then 
Y(0m) is naturally isomorphic to ©■L 0 Ext 2 *(^M, 0m)[~ 2i], thought of as the Yoneda algebra 
of 0 M- 

Let u : 7 Ti 3 „ 7 r * 3 —>• IxxX be the unit for the adjunction 7 r 33 h 7113 ,, e : 7 T* 3 7 ri 3 „ —> 1 xxMxX 
the counit, and p := 7113,6 : ( 7113 , 7 r 33 ) 2 —>• 7133 , 7 r * 3 the multiplication natural transformation. 
Denote by 

(2.2) ¥ := ( 7 r 13 „ 7 r* 3 ,u,/x) 

the monad in D b (X x A). We get the category D b (X x A) Y of modules for the monad ¥ and 
the functor 

7FIi) : D b (X x M x X) -> D b (X x X) Y , 
as a special case of the construction in section 12.11 

sY is the push-forward of the object sY := <S> ^(^) v < 8 > 7 r 2 3 (^)[ 2 ] of D b (X x M x X) 

by 7 Ti 3 . We get a natural morphism 

(2.3) m : sY <g) c Y(0m) —»■ sf, 

so that the object (sY,m) of D b (X x A) Y is the Y-module corresponding to the object sY via 
the functor 77 ) 3 ). Note that the algebra structure on 'K\j )Jf 0 XxMxX is now identified with cup 
product on H*(0m), or the composition product on Y(0m) = ©” = 0 Ext 2 i (0m, 0m){~ 2*]. 

Let r] : A*0x —>■ be the morphism corresponding to the unit of the adjunction 4% H 'L^. 
We get the composite morphism 




r]<S>id 


£/ ® c Y(0 M ) 



(2.4) 
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Let A n be the object ©” = T 0 1 Ext 2l (^ > M, @m)[— 2i] in D b ( pt). We have a natural morphism l : 
An —> The object Y{&m) is naturally the direct sum of A n and Ext 2 ”(^M, &m)[— 2n]. 

Set a := qo l : A*^x <8>c A n —> So a is the composition 

(2.5) A*^. y <g> c A n ——>• A*Gx <8>c T(^ M ) ^ sY Y{0 M ) ^ sY. 

The main result of this section is 

Theorem 2.2. Let v € K(X) be a primitive class with (v,v) = 2n — 2, n > 2, and H a 
v-generic polarization. 

(1) When v = (1,0,1 — n), that is when M := Mjj(y) is the Hilbert scheme of n points on 
X, then the morphism a, displayed in equation 112.5]) . is an isomorphism. In particular, 
a choice of a non-zero element tM of Ext 2 (&m, &m) determines an isomorphism 

#Y 9* ©i^g 1 A* Gx [—2*]. 

(2) In general, for v arbitrary, the structure sheaf of the diagonal A*Gx is a direct sum¬ 
mand of sY in D b (XxX). In particular, the integral transform : D b (X ) —>• D b (M , 9) 
is faithful. 

Part CO) of the theorem is proven in Section 12.31 and part (|2|) in Section 12.51 
The splitting of the monad object sY in Theorem l2.2l (fill extends over a Zariski open subset 
of the base of a family in the following sense. Let ir : ST -> B be a smooth and proper 
family of K3 surfaces over an analytic space B and v a continuous primitive section of the 
local system i?7r*Z of Mukai lattices. Let p : .YY -A B be a smooth and proper family of 
irreducible holomorphic symplectic manifolds, such that each fiber ^/Yb of p is isomorphic to 
the moduli space Mn b (vb) of Hb -stable sheaves with Mukai vector Vb over the fiber STb of it 
for some polarization Hb over STb- We do not assume that Hb varies continuously (see for 
example m Prop. 5.1]). There exists a twisted sheaf Y/ over J Xg .YY, flat over B, such 
that its restriction YYb to Sty, x ,YY\> is a universal sheaf for the coarse moduli space MH b (vb), by 
the appendix in [Mu5] . Denote by sYb the monad object over SYb x SYb associated to The 
construction of the morphism a, given in Equation (12.5 j) above, goes through in this relative 
setting to yield a family of morphisms : A* A n —>• sYb, b € B, corresponding to a 

global morphism 

a : A % e x (®^ 1 i2 2< p*^r[-2i]) ~sY 
of monad objects over ^ 1". 

Lemma 2.3. The locus Bq in B, where ab is an isomorphism, is a Zariski open subset of 
B in the analytic topology. The open subset Bo is non-empty, whenever there exists a point 
bo £ B, a K2> surface X, and an equivalence of derived categories D b (STb) —> D b {X), which 
maps the Mukai vector Vb to that of the ideal sheaf of a length n subscheme of X, and which 
maps Hb-stable sheaves on SYb to ideal sheaves on X. 

Proof. Bo is the complement of the image in B of the support of the object C a in D b (SY x b SY) 
representing a cone of the morphism a. The support of C a is the union of the support of the 
sheaf cohomologies of C a . The support of C a intersects the fiber SYb x SYb if and only if ab is 
not an isomorphism, since a point x € SYb x SYb belongs to the support of C a if and only if 
one of the the cohomologies of C a <8> G x is non-zero, by jBMl Lemma 5.3]. The non-emptiness 
statement follows from Theorem 12.21 ([I]) . □ 


A more explicit extension of the splitting Lemma 12.31 is given in Lemmas 16.91 and 16.161 
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2.3. Splitting of the monad in the Hilbert scheme case. Write X ^ for the Hilbert 
scheme of n points on X and S n X for the n-th symmetric product of X. Denote by /i the 
Hilbert-Chow morphism from X ^ to S n X, and let ir : X n —>• S n X be the quotient by & n . 
The following result is the main point of the proof of Theorem 12.21 for M = X M ; it allows 
us to transport calculations from the derived category of X^ to the more combinatorial 
S n -equivariant derived category of X n . The latter is denoted by Dg n (X n ) below. 

Theorem 2.4. f |Ha2j . Corollary 5.1) Let X be a smooth quasi-projective surface, and denote 
by B n the reduced fiber-product of X^ and X n over S n X: 



S n X 


Then, the map q is flat, and Rp*q* : D b (X M) —> D b &n (X n ) is an equivalence of derived 
categories. 

Let us give a quick word of explanation here. Denote by Hilb e "(JT n ) the & n -Hilbert scheme 
of X n , the fine moduli space whose closed points parametrize the & n orbits in X n with 
structure sheaves isomorphic to the regular representation of <3 n . The flatness of the map q 
above says that B n C X n x X M is a family of such <3 n orbits parametrized by X^ . This yields 
a morphism from X^ to Hilb Sn (X n ), which is in fact seen to be an isomorphism, identifying 
B n —> X with the universal family of Hilb Sn (Jf n ). 

On the other hand, given a finite group G acting niceljH on a smooth projective variety 
M , the derived McKay correspondence of [BKRj relates the derived category of the G-Hilbert 
scheme D f '(Hilb G (M)) and the G-equivariant derived category D b G (M)\ whenever the map 
Hilb G (M) —>• M/G is semismall , it says that the structure sheaf of the universal family gives 
a Fourier-Mukai type equivalence between these two categories. The map p : X M —> S n X 
satisfies the semismallness hypothesis. This establishes the second statement of Theorem 12.41 

The following is a special case of a vanishing theorem proved in [Ha2] . Let Z n C X x B n be 
the pullback of the universal family U n C X X X^ of n points on X , and D n C X x X n the 
union of graphs of the n projections to the ith factor, 7r* : X n —>• X. Consider the following 
diagram 


Bn 



X r 


Theorem 2.5 ( |Ha2j . Proposition 5.1). Rp 


*^z n = 


o 

Nicely here means that the canonical bundle of M is locally trivial as a G-sheaf. 
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Proposition 2.6. Rp*q*{^u n ) — ^D n > where J^u n is the ideal sheaf of U n C X x X^ n \and 
J?D n that of D n C X x X n . 

Proof. Applying Rp*q* to the sequence 

0 —> J?Un ^XxXM ^Un 0 , 

and using the previous result, we obtain the exact triangle 

Rp*J r Z n —t R-P* @X x B n —>• &D n - 

Thus, it suffices to show that Rp*GxxB n — GxxX n , or even that Rp*Gs n — &x n - Now, 
Z n -A B n is flat and finite, being the pullback of U n — > X^. Therefore, t*&z n contains Gb„ 
as a direct factor. Further, D n A X n is finite, and s o p = p o t, so that s*RpG Zn — s*Gd u — 
Rp*t*Gz n is concentrated in degree 0. Consequently Rp*Gs n is concentrated in degree 0 also, 
and because p has connected fibers, we are done. (See also Prop. 1.3.3, [Sc].) □ 

Lemma 2.7. (i) Suppose the schemes and morphisms in the commutative diagram 


X 



Y Z 



W 


are such that Lq* and p ! are defined between bounded derived categories (for example, 
if Y, Z are smooth and projective, and X is a closed subscheme of Y x Z). //' := 

Rp*Lq* : D b (Y ) — D b (Z ) is an equivalence, given E D b (Y), we have a 

bifunctorial isomorphism 

(ii) Suppose G is a finite group, and the morphism p : X —>• Z in part (i) is G-equivariant. 
Further, let Y = X/G, W = Z/G, q and tt the quotient morphisms, and p : X/G —>• 
Z/G the morphism induced by p. Denote by D b G {Z) the derived category of equivariant 

coherent sheaves. Then, if := Rp*Lq* : D b (Y) — D G (Z) is an equivalence, there 
is a bifunctorial isomorphism 

p*RJt?’om D b(Y)(^— \'K*RJY’om D b G ( Z ^{<&(^), &(xZ))] G . 

Proof. Both parts follow from essentially the same formal calculation using Grothendieck 
Duality. We provide a proof of part (ii). Denote by nf the composition [—] g o7t*; the symbols 
pY are defined similarly. Then, 

7 t^ RJ'Gom D b_ ! ( Z -)(p*q* ,p*q* yF) = TT < fp^RJY’om D b G ^(q*^,p'p*q*xV) 

= p*q ( fRJY’om D b ; ( X -j(q*J%,pp*q*xF) 

= p*[RJ4?om D b(Y)(-^, q*pp*q*YF)] G 
= p*RJYom D b ( Y ){^, (q?p)(p*q*)zY) 

— p^RSifoTrijjb^Y^*^ ) ^T^). 

The hrst isomorphism is Grothendieck Duality, the second follows from the commutativity of 
the diagram above and the G-invariance of p, the third is adjunction, and the fourth follows 
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from the G-invariance of yt (see [Sc], Prop. 1.3.2). The last isomorphism follows from the 
fact that q^p- is the right adjoint of <f> = p*q*, and so also its quasi-inverse. □ 


X x B n x X 



X x iW x X X x X n xX 



We shall now apply this lemma to the diagram above: Let Pij stand for the projection from 
the product X x X n x X to the (i, j)-th factor. Consider the object sY, given in equation 
(II.2D . in the case M = and Y/ = <#u n - I n view of Proposition 12.61 we immediately have 
the isomorphism 

** = {RPl3*(Pu^D n ® P23^J[2]} 6 "- 

Furthermore, the above is an isomorphism of Y(G X [ n ] )-modules, under the natural identihca- 
tion of Y(ff X [ n ]) with Y{&x n ) Gn ■ 

Denote by A* C X x X n , the graph of the z-th projection 7 r* : X n —>• X, and by A/, 
for I C l,...,n, the partial diagonal fljg/Aj. By Corollary A.4 of [5c] . there is a Cech-type 
© n -equivariant resolution of J?D n as follows: 

0 —> —> GxxX n ®?=iG Ai ©|7|=fc^A/ —>■■■—> G ~^ 0. 

As the diagonals Aj intersect transversally, it is easy to see that, in fact, this resolution is the 
tensor product of complexes 

®iLi {GxxX n 


or alternatively, 


j? Dn = y, a, ® Sa 2 ® ■ ■ ■ ® / a „ 


in D^ n {X x X 71 ), where the are the ideal sheaves of the indicated diagonals. 


Remark 2.8. The ©^-linearization of the component ®\n—kG/\j in the complex above consists 
simply of permuting the factors &a x according to the action of & n on the indexing sets /. 
Tracing through the above calculation, it is easily seen that the ©^-linearization of (d^Ai ® 
y a 2 ® ■ ■ ■ ® yAn) is also the expected one, namely, permutation of factors. 


The following calculation is due to Mukai. We present the details for the convenience of 
the reader 


Lemma 2.9. /^ [Mu5j . Prop. 4-10). Let pij be the ( i,j)-th projection from X x X x X. Then, 
there is a natural isomorphism := Pi3,*(Pi 2 ^a ©P 23 ^a) — H 2 (X , Gx)®c Ga[— 2], where A 
is the diagonal in X x X. Equivalently, the relative extension sheaves <oxtf n?j (pj 2 ~^A ■ P 23 --^A) 
vanish, for j ^ 2, and &xtp 13 (pj 2 ^A,P 23 ^A) — H 2 (X, &x) ®c Ga- 
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Proof. The convolution of the exact triangle 

@XxX 

with yields the following exact triangle on X x X: 


p 1 3 * RM J om{p\ 2 f/ A , Pxi2 ?a ) Pi3,*P*2 3 J?A -t 28. 

By the use of flat base-change for the Cartesian diagram 


X x X x X 



the second term in the triangle is isomorphic to p\p\*J‘A- It is then simple to conclude from 
the short exact sequence 

0 —> j^a —t Gxxx —t G\ —y 0 

that Pi 3 ,*P 23 ^A — PiPu^A — H 2 (X,Gx) < 8 >c @Xxx\~ 2]. The first term in the triangle is 
computed as follows: 


Pi 3 *RJ^om(pl 2 GA,P 23 ^A) = P 1 3 * R-Xforn (A| 2 *^x x x ; P23 ■-?A) 

= pi3*Ai2*RJf’om(G X xX, A\ 2 pI^a) 

— Pl 3 *^ 12 *R 2 ^Om(GxxX j Pz^x ® ^12 P 23 ^ A[ — 2]) 

= pl^x 1 ® ^ a [- 2 ]. 

The first isomorphism is flat base-change, while the second is Grothendieck duality. As 
Hom(J?A, Gxxx) — C and 28 is supported on the diagonal, it follows that 28 is isomorphic 
to H 2 {X,G x )® c £a[-2]. □ 

Let us now calculate Rpi 3 *{p\ 2 ^D ® P 23 ^D n ) when n = 2; the answer for general n will 
be apparent from this. Set X\ = • • • X 4 = X, and for I C {1, ...,4}, let X/ := Xjg/Xj. Denote 
by ui : X{ 1) 41 —* X/ the projection to the I -th factor; similarly, for I C J C {1,4}, 
|/| = 2, | J\ =3, let Vj : Xj —>• Xj be the obvious projection. 


Xi x X 2 


X\ x X 2 x X 3 x X 4 




16 


E. MARKMAN AND S. MEHROTRA 


We then have 

RP13*(P12^D 2 ® Ph J ^D 2 ) — •U 14 *{^i 2 ^A ® U*3^A ® U^J^A ® «3 4 ^a} 

— I’ll*Hl34*{(^134^13^ ^A ® ' u 134' u 34 4 ’^a) ® { U 12^A ® u 2i^ a)} 

= H14*{(H13 4 *^A ® v\l A *^A) ® «134*(«12-^A ® “24-^a)} 

= Hl4 4 {(Hl3 4 *^A ® vf^^A) ® Hl34*lll24(l , 12 4 *'^A ® ?4| 4 * J*a)} 

= ^{(VlT^A ® U 3 T*^a) ® ® t^A» 

= ® H34 34 *^A) ® l&lf^A ® v\?*J a) 

= (# 2 (^, <?x) ®c ^a[- 2]) ® (tf 2 (X, ^ X ) ®c ^a[-2]) , 

where the third isomorphism is the projection formula, the fifth is flat base-change and the 
last one is the isomorphism of the previous lemma. Clearly, the same working proves the 

Proposition 2.10. Rpi3*{pi2^D n ®P 23 ^D n ) — (H 2 (X, &x) <8>c @a\~ 2]) n<Xl as objects in the 
category D b & ^{X x X) (where & n -acts trivially on X x X). Moreover, the 6 n -linearization of 
the tensor product on the right hand side is simply permutation of factors. 

Proof. The linearization is clear from the calculation above and Remark 12.81 □ 

Lemma 2.11. Let S be a scheme and F an object in D b {S). Assume that the cohomology 
sheaves W(F) satisfy the condition: Ext k+1 (W(F),W~ k (F)) = 0, Vj and^Jk > 0. Then F 
is isomorphic to ®jW(F)[—j\. 

Proof. Set Jf '■= [j ■ W(F) / 0}. The proof is by induction on the cardinality §(Jf) of 
Jp. Set b := max(Jp) and a := min(Jp). Then F is represented by a complex of coherent 
^-modules 

Fa —t F a+ 1 —>•••—> Fb , 

with Fi in degree i. If §(Jf) = 1, then a = b and the statement holds trivially. Assume that the 
statement holds for every object F' satisfying §(Jf') < n, where n := Jt(Jp). Set A := R a (F). 
Let F' be the cone of the natural morphism R a (F)[—a] —> F. Then §(Jf') = n—1, R a (F') = 0, 
and W(F') = W(F), for i ^ a. The equivalence F' = @jW{F')[— j] follows, by the induction 
hypothesis. We get the exact triangle 

A[-a] -> F-> F 1 A A[1 - a]. 

The morphism <5 decomposes as the sum of the morphisms 

Sj € Rom((H j (F')[-j],A[l - a]) = Ext 1+j ~ a (W (F),R a (F)), 

for j > a. These groups vanish, by assumption. Hence, (5 = 0, and F is isomorphic to the 
direct sum of A [—a] and F’. □ 

Proof of Theorem \2.2\ part [1] 

Step 1: To compute the (5 ri -invariants in RpYi*('P*\ 2 ^n„ ®P 23 ^d„), we first calculate the 
(5 r ,-invariant parts of the the n-fold multi-tors Tor™{0 a) := Tor q (0 a, 6a, • ■ ■ , 6a)- This is 
precisely the sort of calculation that is carried out in Corollary B.7 in jScj. In our particular 
situation this says that Tor q (6 a) has nonzero 6 n -invariants if and only if q = 2 h, 0 < h < 
n — 1 , in which case 

Tariff a) S " ^ (A N* A/XxX )® h ~ H°(X, u x )® h <8>c 6a- 
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Equivalently, the relative extension sheaves Sxt 1 i^^u) are isomorphic to for 

j even in the range 2 < j < 2 n, and vanish for all other values of j. 

The hypotheses of Lemma f2. Ill applied to the object -R 7 ri 3 *( 7 rjj‘ 2 ^^ <2)^234[/)j are satisfied, 
since the odd cohomologies of this object vanish, and Ext* Yx y (^a, ^a) = 0 for odd i. Lemma 
12 . Ill implies the existence of an isomorphism 

(2.6) i? 7 o 3 *K 2 ^7 ® 4s J v ) F ® 1 f =1 H 2 (X, ff x )® i ®c A,<?x[-2t]. 

Note that the i-th summand on the right hand side is naturally isomorphic to the sheaf coho¬ 
mology of degree 2 i of the left hand side, namely the relative extension sheaf Sxt 2 ( 3 (nhSu> ' k 23^u 
The isomorphism si = ©”T C ]H 2 {X, 6x)® 1 <8>c A *S'x[~2i] follows immediately from Equation 
(12.61) . In particular, the functor is faithful. 

Step 2 : We prove in this step the following claim. 

Claim 2.12. For i even, we have the canonical short exact sequence 


o 4 a x , [ux ® (s v , 44 ] 4 jr i+2 (^) ® ^u x -> o. 

For i odd, we have the following natural isomorphism: 


Ax, 


wx <8> (4[/, 4u) 


A JT i+ 1 (,4)<g>7 tI(T*X). 


Proof. Let A 13 : X x M —>■ X x M x X be the diagonal embedding. Consider the short exact 
sequence: 

0 7r *3^A x ~^XxMxX —>• Ai3 ,^XxM 0. 

Tensoring with si := 7TjCc y [2] <gi 7r* 2 -J^Y < 8 > we get the exact triangle: 


(2.7) si <g> 71^3 4 4 7t*o;x[2] ® Ai 3 , (Jfj <g> 4[/) 4 si ® 7r( 3 4 x [l] 

Applying the derived push-forward 7113 ,, to the exact triangle m we get the following exact 
triangle in D b ( X x X). 

(2.8) si <g> 4a Y 4 .4 4 Ax, [wx[2] ® 7Tx, (4/ ® 4[/)] 4 .4 <g> 4 [!]• 

Let t : 4a x ->• 4xX be the natural inclusion. The object .4 has been shown to be a 
direct sum of sheaves supported on the diagonal, and the morphism 5 is the composition 

si <8> <gi €?xxX — si• Hence, the morphism 5 vanishes and we get a short exact 

sequence, for every integer i. 


0 —> JT(, 4) 4 Ax,if ! [wx[2] ® ttx, (4/ ® 4/)] 4 JT + 1 (4 ® 4 Ax ) 0 . 

It remains to calculate the sheaf cohomologies ( 32 / ® 4a x 4)- Note first the isomor¬ 

phisms 

To4 x 4^ Ax ,4ax) = A Xt T*X, 

Tor Yx x {@a x , 4a x) — Ax, wx, 

and Tor' YxA (^Ax) 4\ Y ) = 0, if z is not equal to 0 or —1. We have already shown that si is 
isomorphic to Jrf? 21 (si). For even i we get the isomorphism 

Jf i+1 (si ®4a y ) = Toi4 xX (4^* +2 (^),4 ax) = J^ i+2 (si) ®4wx- 

For odd 7 we get: 

jT +1 (.f/<g)4Ax) = Tor YxX (jr i+1 (i^),4 A x) = jr* +1 K)«'7r 1 *(T*A). 

□ 
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Step 3: We have the isomorphisms y? 2l {£/) = i:\uix®Gxt^'Y‘ 2 { 1T i 2 ^u^' K 2 . 3 ^u): by definition 
of &/. The homomorphisms 

e J ~ 2 : #^ 3 (^ 2 ^ 7 , 7123 ^ 7 ) ->■ A* [S’xt^ x {J^u, J^u)) 

are injective, for all j, and e 2n ~ 2 is an isomorphism, by Claim \2. 1 21 Let tM be a non-zero ele¬ 
ment of H 2 (M , Gm), where M = JfW. Then tM induces a morphism from 7113 ,, (7rJ 2 ^U ® n 23^u) 
to 7113 ^ ® n 23 ^u) [2]. We get an induces homomorphism of relative extension sheaves 

t M ■ (7T* 2 J^7, TT^u) ->• ^Xt^ 2 ( 7 t1 2 J^U,^23^u) , 

via the morphism (12.31) . We prove in this step the following statement. 

Claim 2.13. The sheaf homomorphism 

(2.9) 4 : —> ^xt 2 n l + 2 

is an isomorphism, for 0 < i < n — 1 . 


Proof. We have the homomorphism 

hsu^m) ■ £xt{ x t (yu,yu) ->■ $xti^ 2 ( yu , yu) ■ 


The composition GxxM —^ y^j < 8 > y\j —* GxxM is the identity, since rank (yu) = b Thus, 
the composition 




^ . n / ^ ^ \ M ) 


g X xm —^ Gxff (yu,yu) 


Gxtl n x (yu,yu)^R 2n 




xM 


is multiplication by 4- Hence, the following is an isomorphism 

psu^mY ■ Gxt° x *(yu,yu) —■> Gxt 2 Y Xt (yu,yu). 

The exact triangle (12.81) is the image of one in D b (X x M x X) and lifts to an exact triangle 
in the category D b (X x X) Y for the monad ¥ given in (12.21) . Taking cohomology we get the 
following commutative diagram: 




a.y* [g xt 2i x (yu,y v )\ 


r 


tM 


(t M )) 


Gxt^H^h^u^h^u) 


Ax. \gxeg\Su,Ju)\ 

f 2i 


vrj'wx ® Gxtl\+ 2 ( 7 Tl 2 y v , 7t* 3 J^) 1 — M Trj'wx ® £xt 2 ^ (tt* 2 4/, 4=4) ■ 


We are ready to prove that the homomorphism (12.91) is an isomorphism. The proof is by 
contradiction. Assume otherwise and let i be the minimal integer in the range 1 < i < n — 1, 
such that 

(2.10) 4 : Sxtl^i^yu^yu) ^<£Vi2^23-^) 

is not an isomorphism. Then the above homomorphism must vanish. Hence, 

(2.11) f l M ®1t* l l UJx : Gxtl 13 Y^\2^U^23^u)®Tt\tOX -> ^^t, 2 ( 7r 12^i 7r 23'^C/)® 7r l w A' 
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vanishes as well. Consider the following (abreviated) commutative diagram with short exact 
columns. 


' <? Xt lx3 


tM 


A x,£xt 0 nx 


f- 


VJPt, (hw) 


A.y t &xtl x 




gxtl\ 3 


A xjxt% x 


tM 




£xt 2 J + 2 


A xjxt 2 j + 2 


r\ tM y- a 

£xt\ lz ® nlux -► <§xt\ 13 <g> TT^Ux 


S’ xtl z + 2 <g> t:\lox 


The vanishing of (12.111) . the fact that / 2 is an isomorphism, and the exactness of the columns 
in the above diagram, combine to imply that the image of 

Ax, (/i/JIm))' : Ax„<£arf° x (J^U, ^u) ->■ Ax»<?x4* x {J\j, Ju) 

is contained in the image of the injective homomorphism 

e 2i ~ 2 : Sxt 2 ; i3 (ir^uXrM ^ A X .#xt* x (J?u,^u) ■ 

Hence, the injective homomorphism 

Ax* (M^h(iA /)) l+1 : Ax, S’xt^ x (^u,^u) ->■ A x*&xt%+ 2 (J^u,^u) 
factors through 

t M 1 S’xtl 1 13 (7T* 2 */[/, 7123^1/) -> (tT* 2 TT^J^) . 

In particular, the above homomorphism does not vanish. Hence, the above homomorphism is 
an isomorphism. The minimality of i implies that 

t*M l ■ <? xt l 13 (n* 2 Su, -> {nliSuASu) 

is an isomorphism. It follows that the homomorphism (12.101) is an isomorphism. A contradic¬ 
tion. This complete the proof of Claim I?. 131 □ 

Step 4: Let i 2 : S“xt 2 13 (irl 2 ^Ui ^23 ^u) -Rtti 3 ( n r 2 '-^u ® 7r 23 t ^') be the natural morphism 

from the first non-vanishing sheaf cohomology of the object to the object itself. Let 

m : Rn 13 (it <g> 7 t 23 ^u) <8) c Y{O m ) -A- Rn 13 (tt* 12 ^u ® 7r 23 Su) 

be the natural morphism. The morphism of Y(£?m )-modules 

mo{b 2 ® id) : <Sxtl 13 ( 7 r* 2 7 t 23 Jjj) ®c Y(& m ) #ri3 ® 

induces an isomorphism of the sheaf cohomologies for degrees between 2 and 2 to, by Claim 
12.131 Thus, the composite morphism a in equation (12.51) induces an isomorphism of all sheaf 
cohomologies, i.e., for degrees in the range from 0 to 2ra — 2. □ 


2.4. Hochschild (co)homology. We present a brief review here of some concepts and defi¬ 
nitions on this topic which will be used in the proof of part [2] of Theorem 12.21 in the proof of 
Proposition 13.161 and also later in Section [71 We follow the presentation in [ C2l ICWj . Those 
familiar with the Hochschild (co)homology of varieties should skip to Section 12.51 

Let T be a smooth, projective variety over C. Write At '.T^rTxT for the diagonal, and 
7 Tj : T x T —>• T, i = 1,2, for the projections; denote by Sa t the kernel of the Serre functor 
AT,*wr[dimT], and by the object A ^*^ 1 [— diiriT], Let At\ : D b (T ) —> D b (T x T ) be 
the left adjoint of Ay. 
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Definition 2.14. (i) The Hochschild structure of T consists of a graded ring HH*(T), 

HH l {T) := Hom TxT (^ AT , <? At [*]), 

and a graded left module HH*(T) over HH*(T), 

HHi(T) := HomTxT(Ar,!^r[*], @a t ) = Hom TxT (5'^[*], Ga t )- 

Both the ring and module structures are defined by Yoneda composition in D b (T x T). 

(ii) The harmonic structure of T consists of a graded ring HT*(T), 

HTfT) := 0 H P (T, A q Gf), 
p+q=i 

and a graded module H£l*(T) over HT*(T ), 

H£li(T) := 0 H p (T,n q T ). 

q—p=i 

Exterior product and contraction define the ring and module structures, respectively. 

These two structures are related by the Hochschild-Kostant-Rosenberg isomorphism 

( 2 . 12 ) It ■ At^At —* 

i 

which yields isomorphisms of graded vector spaces: 

I* : HT*(T) —A HH*(T), 

I* : HH*(T) ^4 HQ„(T). 

We shall also have occasion to work with the following modified isomorphisms 

(2.13) Tt = r O (-=L=j(_)), and /?* = (y/tdr A (_)) o /*. 

Vtdr 

Hochschild homology behaves functorially under integral transforms: associated to an inte¬ 
gral functor <h : D b (T ) —>• D b (Y), there is a natural map of graded vector spaces 

(2.14) : HH*(T) -A HH*(Y), 

which is constructed as follows. Let & be the kernel of 4>, £% the kernel of its right adjoint, 
and 2zf the kernel of its left adjoint. Denote by p t j the projection from T x Y x T to its zj-th 
factor. Any object J3 E D b (Y x T) gives rise to a functor 

(2.15) J3 o D b (T x Y) -> D b (T x T) 

& ^ Pl3,*iPl2{^) ® 

via convolution; define _o : D b (Y x T) —>• D b (Y x Y) similarly. We first define a natural 
map 

<L t : Homy x y(^Ay,5 , Ay[*]) -4 Hom-r x y(^A T , Sa t [*])• 

Given a morphism zv : Ga y —>• 5a v [^], let <J>A be the composite morphism 

(2.16) Ga t A^o o G a y o A A ^ o [i] o = 5 a t [*] o o ^ A Sa t [i], 

where 77 and e are the natural unit and the counit, respectively. Notice that we have the 
isomorphism 

(2.17) Hom Tx r(^A T ,5 AT H) = HHi(T) v 
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by Serre duality on T x T, and that Homy x y(^ y , S Ay [*]) — HHi(Y) v in the same way. The 
above construction defines a homomorphism 

& : HHi(Y) w -> HHi{T) v , 

v i-a <1>V 


Then the desired map <h* is the transpose of under these identifications. 

Recall that any integral transform <J> induces a map ip : H*(T, C) —>• H*(Y, C) on singular 
cohomology. We have the following result stating the compatibility of this map with <f>* under 
the HKR isomorphism: 


Theorem 2.15 ( [MSM] L Let <f> : D b (T ) —>• D b (Y ) be an integral transform, 
following diagram commutes. 




Hn*(T) Hn*(Y) 


Then, the 


2.5. Splitting of the monad for a general moduli space. Let v € H*(X) be a primitive 
and effective class with (v,v) = 2n — 2, n > 2, and, as above, let H be a u-generic polarization. 
We recall the fundamental result on the second cohomology of the moduli space Mjj(v). 

Write v 1 - C H*(X, Z) for the sublattice orthogonal to v. Mukai introduced the natural 
homomorphism 

(2.18) e v : v ± -> H 2 (M h {v), Z) 

6 v {x) i l i [tm,* (f(^ V ) • vt_y(.t))] 2 

where £ is a quasi-universal family of similitude p (see Mn3. IMu4| ). 

Theorem 2.16 ( fHu2( lOGll IY11 lY2j ). (1) The moduli space Mjj{v ) is an irreducible po- 
jective holomorphic symplectic manifold deformation equivalent to the Hilbert scheme 
of n points on X. 

(2) The homomorphism (I2.18|) is a Hodge isometry between vand H 2 (Mh{v), Z) ; where 
the lattice structure on the latter is given by the Beauville-Bogomolov form. 

Proof of Theorem 12.21 part [2[ We treat first the case where an untwisted universal sheaf ^ 
exists over X x Mh(v). Let rj : G-> si = ^/ v [2] o be the morphism in D b (X x X) 
corresponding to the unit of the adjunction <3?^ H 4% (see [Q2jj, Prop. 5.1). It suffices to 
show that pre-composition induces a surjection: 

Homxx.\ - ('^ V [2] ° W, Ga x ) Homxxx(^A X) G Ax ). 

Note that since Sa x = ^A x [2], by (12.171) . we may interpret this as a map 

Hom(^ v [2] o ^,S Ax [-2]) -)■ HH_ 2 (X) v . 

Thus the construction (12.161) gives homomorphisms 

HH^ 2 (M h (v)) v = Rom(G AMHM ,S AMHM [-2}) -»■ Hom(^ v [2] o [-2]) % HH_ 2 {XY 

whose transpose is the natural map in Hochschild homology induced by So it is enough to 
show that : HH- 2 (X) —> HH- 2 (Mh(v)) is injective. Now, note that lff(HH- 2 (X)) C 




















22 


E. MARKMAN AND S. MEHROTRA 


H{"1—2(X ) = H 2 {&x) as I* is a graded map. Therefore, by Theorem 12.151 

$?/,*! hh. 2 (x) = (T^y 1 ° M2 ° i-} , 

where [<p<%\ 2 is the degree 2 part of the map on singular cohomology induced by 4%. But 
observe that by the formula (12.181) . 9 V = —[<pw] 2 , whence, by Theorem 12.161 [ipy ]2 is injective. 
This proves the result for fine moduli spaces. 

We sketch next the proof in the case where the universal sheaf is twisted with respect to 
a Brauer class a E H 2 n (Mff(v), G*). Let F be an H-stable sheaf of class v and denote by [F] 
the corresponding point of Mh(v). Let (3 : M —>• Mh(v) be the blow-up centered at [F], The 
sheaf cohomology SF 1 (^^(F W )) is an a-twisted reflexive sheaf of rank 2 n — 2 over 
which is locally free away from the point [F], and the quotient V of /3*^ 1 (d>^/(i ?v )) by its 
torsion subsheaf is a locally free /3*a-twisted sheaf |Ma5l Prop. 4.5]. Let p : P(R) —>• M be 
the associated projective bundle. Set ri £ := (1 x j3p)*^, and let be the projection from 
X x PV x X to the product of the z-tli and j-th factors. Set 


SB := i?7ri3„ 


TT* l2 (fy) V ®TT* 2 ^ ®7f*WX-[2] 


Then we have the natural isomorphism sS := Rir 13, ® 7 t| 3 ^ ® 7 r i a; x[2]] — SB, where 

the latter isomorphism follows from the projection formula and the isomorphism R(/3p)*G P v — 
S’Mji (v) ' 

The Brauer class p*f5*a is trivial, by |Ma2l Lemma 29(4)]. We thus have an equivalence of 
triangulated categories D b (X x P V,p*(3*a) = D b (X x PV) and the image of is represented 
by an untwisted coherent sheaf . We get an induced isomorphism 

SB = i?7Ti3, [^12^ V ® ^23^ ® ^1 w A'[2]] . 

Replacing Mjj(v ) by PV and £ by in Equation (12.181) we get an analogue 9 V : v 1 - —>• 
H 2 (PV, Z) of the Mukai homomorphism. The homomorphism 9 V is the composition of p*(3* : 
H 2 (Mh{v), Z) —>• H 2 (PV, Z) with the Mukai homomorphism (12.181) . Indeed, the argument 
which shows that the Mukai homomorphism is independent of the choice of a quasi-universal 
sheaf shows also that using either (1 x j3p)*£ or the direct sum of p copies of Sf in Equation 
(I2.18P results in the same homomorphism. 

Theorem 12.151 applies now to the integral transform 4>^ : D b (X) —» D b (PV) with kernel 
and the argument in the case of untwisted universal sheaf goes through to show that G\ x is 
a direct summand of SB, and hence of sS as well. □ 


3. Yoneda algebras 

We prove Theorem 11.31 in this section. The reader interested only in the results on gener¬ 
alized deformations (Theorems 11.81 and II.9p may skip this section. Let X be a projective A'3 
surface, M := Mh{v) a moduli space of A-stable sheaves with Mukai vector v satisfying the 
hypothesis of Theorem 12.21 and 4>f/ : D b (X ) —>• D b (M , 9) the faithful functor in Theorem 12.21 
Assume that (v,v) > 2 . 

Definition 3.1. We say that the monad object sS given in Equation (11.21) is totally split , if 
the composition a given in Equation (12.51) is an isomorphism. 

Assume for the rest of section [3] that the monad object sS is totally split. This is the case if 
M is the Hilbert scheme X^ and ^ is the universal ideal sheaf, by Theoem 12.21 For a more 
general sufficient condition for a to be an isomorphism, see Lemmas 16.91 and 16.161 
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Set pt := Spec(C) and let c : M —>• pt be the constant morphism. We get the object 
Y($m) '■= Rc^&m hr D 6 (pt). As a graded vector space Y(&m) is &m)[— 2*], 

where n = dinr c (M)/2. Given a graded vector space V, let l/j&m V be the endofunctor 
of D b (X) sending an object x to x < 8 >c V. Set 

T := 1 D b (x) h {&m)i 

R := ^-D b {X) H 2n (M, 2n]. 

We define next a natural transformation 

h : i? —>■ T. 

Write h = according to the direct sum decomposition of Y(&m), so that 

h 2 i '■ ^-D b (X) G>c H 2n (M, &m)\— 2n] ~lD f >(X) ®c 2 *(M, ^?m)[ 2* — 2n]. 

Let tx be a non-zero element of H 2 (X,0x), considered as the subspace H (l2 (X) of the 
complexified Mukai lattice, and let tM be its image in H 2 (M, &m) via Mukai’s Hodge isometry 
(12.181) . Denote by t* M : Y(&m) —>• Y(&m) the homomorphism, which sends t? M to t^ 1 , 
1 < j < n. and sends 1 to 0. The choice of tM identifies h 2 i as an element of the Hochschild 
cohomology HH 2l (X). Explicitly, h, 2 i = h 2 i<S)(t* M ) 1 , where h 2 i belongs to Ext^ xX (<^a x) <^a x )- 
Let ax be the class in H°(X , uj x) dual to the class tx with respect to Serre’s duality. Given h, 2 , 
the class I 12 ®ax in Homxxx(Ax,*(^x)j Ax,*(wx)[2]) is a class in HHq(X), which depends 
canonically on /i 2 and is independent of the choice of the class tx, since tM depends on tx 
linearly. Hence, the choice of h 2 corresponds to a choice of a class in HHq(X), which we denote 
by h 2 as well. Let h 2 be the class in HHq(X) which is mapped to the Chern character ch(v) in 
Htto(X) of sheaves with Mukai vector v via the Hochschild-Kostant-Rosenberg isomorphism 
1 ? ■ HHq(X) -a HQq(X). 

I*{h 2 ) := ch{y). 

Set h/ 2 i := (—l)* + 1 (/i 2 )h Explicitly, 

(3.1) h 0 = -1, 

h-4 = -(h 2 ) 2 < 8 > (t* M ) 2 , 
hk = 0, for k > 4. 

Given an object x in D b (X), let 

h x -.x ® c H 2n (M,ff M )[-2n] ^x® c Y(0 M ) 

be the morphism induced by the natural transformation h. Let ttx : X x M —> X be the 
projection. Note that the endo-functor T is naturally isomorphic to Ri rx* 0 it*x- Denoted by 
D h {X) T the full subcategory of D b (M) with objects of the form <h^(x), for some object x in 
D b (X). Let 3% : D b (X x M) —> D b (M) be the composition of tensorization by % followed 
by Rttm*- Then 4% = o -k* x . Denote by D b (X)~ the full subcategory of D b (X x M ) with 
objects of the form n* x {x), for some object x in D b {X). Let Q : D b {X)~ —> D b (X) T be the 
restriction of the functor 3^. 

Theorem 3.2. The natural transformation q : T —>• , given in Equation fS.fl ) above, 

has the following properties. 

^D b (X)j is the Kleisli category associated to the adjunction <I><^ H The subscript T will later denote 

the monad associated to this adjunction, so that our notation is the standard one |Macl Sec. VI.5]. 
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(1) For every pair of objects x\ and x '2 in D b (X), the first row below is a short exact 
sequence. 

0->■ Hom(xi, RX 2 ) --——- 9 - Hom(x'i. Tx 2 >-- — 1 Hom(xi, -> 0 


Hom D i (xxM)(k* x (x i), tt* x (x 2 )) Hom D i, (M) (%(xi),%(x 2 ))- 

(2) The vertical adjunction isomorphisms above conjugate (■ q X2 )* to the homomorphism 
induced by the functor Q : D b (X)~ —>• D b (X) T . The functor Q is full. 

The theorem is proven in section 13.41 Given objects x and y in a bounded triangulated 
category, set Hom*(x,y) := ®^ gz Hom (x,y[k])[—k\. Note that Hom^^^ii, YX 2 ) is simply 
Hom*(xi,X 2 ) <8>c An explicit calculation of the algebra Hom*(%(i),$f(a;)) as a 

quotient of Hom*(x, x) Cg) c Y(Gm) is carried out in Theorem 13.2 II for any object x represented 
by a simple sheaf. 

Section [3] is organized as follows. In subsection 13.11 we interpret Theorem 13.21 in terms of 
the standard construction of a quotient category by a congruence relation (Definition 11.21) . 
The natural transformation h gives rise to such a relation and Theorem 13.21 expresses the 
full subcategory D b (X) T of D b (M ) as the quotient category of the category D b (X)~, whose 
objects are the same as those of D b (X ), and such that 

Hom^ 6 (x) _(xi,X 2 ) = Hom^ 6 (x) (xi,x 2 ) < 8 > c C[t]/(t n+1 ), 

where t has degree 2. In subsection 13.21 we show that the natural transformation q : T —>• T 
in Theorem 13.21 induces a monad map between two monads in D b {X). Under the analogy 
between rings and monads, the statement that q is a monad map says that q is analogous to a 
ring homomorphism. The functor Q in Theorem 13.21 is an example of the general construction 
of a Kleisli lifting of a monad map [MaMul Theorem 2.2.2 and Def. 2.2.3]. In subsection 13.31 
the natural transformation h is defined formally in terms of a cone of q. In subsection 13.41 
we reduce the proof of Theorem 13.21 to the computation of the component /12 of the natural 
transformation h. 

Subsections non to urn are dedicated to the proof that /12 is the inverse image of ch{v) 
via the Hochschild-Kostant-Rosenberg isomorphism. The class tx hr H 2 (X, Gx) gives rise 
to a natural transformation tjjb^x) ^-D b (x)[^\ an d hence a morphism x —>• x[ 2 ], for every 
object x of D b (X). We get two morphisms from <I>^(x) to <3?^(x)[2] in D b (M ), one is the 
image of the former via the functor 4>f/. The second is induced by the natural transformation 
1 D b {M) 1_d&(m)[ 2] associated to the image f m in H 2 (M,^m) of tx via Mukai’s Hodge 

isometry. These two morphisms in <h^(x)[2]) are linearly independent in 

general, but their traces belong to the one-dimensional space H 2 (M , Gm)- In subsection 13.51 
we calculate the ratio of the two traces using Hochschild cohomology techniques. When x is a 
simple object, the compositions of each of the two morphisms in Hom £) 6 ( M )( < I>^/(x), <f>^(x)[ 2 ]) 
with iff 1 are linearly dependent in the one-dimensional space Hom fl t( M )(%(a;), <Py(x)[2n\). 
In subsection 13.61 we relate the ratio of the latter pair to the ratio of traces computed earlier. 
We get a relation in the Yoneda algebra of 4%(x), for every simple object x. In subsection 
o we use that relation to determine the component /12 of the natural transformation h and 
complete the proof of Theorem 13.21 

In subsection 13.81 we relate moduli spaces of stable sheaves on X to certain moduli spaces 
of sheaves over M. 












INTEGRAL TRANSFORMS AND DEFORMATIONS 


25 


3.1. A congruence relation associated to the natural transformation h. We describe 
in this subsection how Theorem 13.21 reconstructs the category D b (X) T as a quotient category 
in the sense of Definition P 

Let D b (X)~ be the category whose objects are the same as those of D b (X), and such that 

2 n 

Hom D i, (X )_(xi,x 2 ) := Hom D b (X )(x 1 ,Yx 2 ) = (J)Hom^p^xi, x 2 [-2k}) <8> c H 2k (M,ff M ). 

k =0 

Note that Hom^ x ^(xi,X 2 ) = Hom^ 6 p^(xi, x 2 )® c Y(ffM)- Given morphisms g in Hom fl t^(a:i, x 2 ) 
and / in Honipbp^^, £ 3 ), and elements a, b in Y the composition (/ < 8 > a) o [g (g) b ) is 
fg <S> ab, and is extended by linearity to all morphisms. Note that D b (X)~ is equivalent 
to the full subcategory of D b (X x M ) whose objects are of the form 71 ^(x), for some ob¬ 
ject x in D b (X). The above composition rule corresponds to composition in D b (X x M) 
via the adjunction isomorphism Homot^)(xi, YX 2 ) = ^ova. D b^ X xM){' K *x x ii 1T \x 2 ). Let -k\ : 

D b (X) —>• D b (X)~ be the functor sending each object to itself and inducing the natural inclu¬ 
sion Hom D t( Y )(xi,x 2 ) —> Hom D t( X) _(xi,r 2 ). 

Definition PI recalls the notion of a congruence relation on a category. Consider the 
relation 91 on D b (X)~ given in Equation (11.41) . Following is a restatement of Theorem 13.21 in 
the language of quotient categories. 

Theorem 3.3. (1) 91 is a congruence relation. 

(2) The natural transformation q induces a fully faithful functor S : D b (X)~/ 91 —>• D b {M). 

(3) The functor 4% factors through the quotient functor Q : D b (X)~ —>• D b (X )~/91 as the 
composition = YQtt* x : D b (X) —> D b (M). 

Proof. The statement follows from Theorem 13.21 It is however instructive to see how the 
defining Equations (|3.1I) of h formally imply that 91 is a congruence relation, so we will prove 
part H] of Theorem 13.31 independently. 

The image of (h X2 )*, given in (11.41) . is mapped under post-composition with elements g of 
'K* x \fTom. D bt x -){x 2 , X3)] to the image of (h X3 )* : Hom D i,^)(xi, Rxf) —>• Hom(xi,Yx 3 ), by the 
naturality of the transformation h. Indeed, if g = Tr x (g) and / belongs to Hornpipe (xi, YX 2 ), 
then g o / = Y(g) o f and naturality of h yields the following commutative diagram: 


Honipbpq (xi, i?x 2 ) 
R(g)* 

Rom D b( X )(xi, Rx 3 ) 


{h x 2 )* 

—Hom D i,(j)(xi, Tx 2 ) 
T(S). 

7—T Hom D' J (A) ( x 'l; Tx 3 ). 
)* 


The algebra Y(0m) is generated by the element tM■ Let 

r : T -» T[2] 

be the natural transformation corresponding to multiplication by tM- We may regard the 
natural transformation h 2 : t D b( X ) ^-D b ( x)P] as a natural transformation h 2 : RR[ 2] as 
well. Then we have the equality 

roll, = —h o h 2 , 
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which follows from the defining Equations (13.Tj) of h. Indeed, 



/ 0 \ 


( ° ^ 

h = 

0 

, t 0 h = 

0 


—h 2 ® (t * M ) 2 


0 


h 2 (g) 


— ^2 ® t*M 


v -1 y 


V / 


It follows that the image of (h X2 )*, given in (ll.4|> . is mapped under post-composition with 
l®t M E Hom D 6 ^ Y )-(^ 2 , [2]) to the image of (h X2 [ 2 ])* '■ Hom D 6 ( A q (xi, i?x 2 [2]) —>• Hom(xi, Tx 2 [2]). 

The analogous statement holds for powers of 1 ® tM, by induction. Hence, post-composition 
with every element g E Hom^&pq (a^,^) maps the image of ( h X2 )* to the image of ( h X3 )*. 

Let e be an element of Hom D b( A )_ (.To, x\). We need to show that pre-composition with e 
maps the image of ( h X2 )* : T^om. D bi X )(x\,Rx 2 ) —> Hom D 6 / A )( a: i, Yx 2 ) to the image of (h X2 )* : 
\iom D b(x) ( x o, Rx 2 ) —>• Hom£) 6 ( A )(xo, Yx 2 ). If e = 7 r A (e), where e belongs to Homjj&pq (xo, X]), 
then for a E Hom£, 6 ( A -)(xi, Rx 2 ) we have 

(h X2 o a) o e = h X2 o (ao e). 

The right hand side above belongs to the image of (h X2 )*. It remains to prove the statement 
in case xo = xi[—2] and e = 1 <S> tM- Now 7 '■ 1 D b (XxM) ^-D b (XxM)[^\ is a natural 
transformation. It follows that for every pair of objects yi, y 2 in D b (X x M ) and for every 
morphism / : y\ —> y 2 we have the commutative diagram 


V 1 




2/1 


2 ] 


[ 2 ](/) 


2/2 


V2 

2 ]- 


This holds in particular for objects y* of the form TT* x (x t ) and for / := h X2 o a. We get the 
equality 

(h x2 o a) o (1 (g) t M ) = (1 <8> t M ) 0 [2](h X2 o a), 

for all a E Hom^b/^nxi, Rx 2 ). Post-compositions were shown already to preserve the relation 

<K. □ 

3.2. The monad si is a quotient of a constant monad. Set 

T ■= : D b (X) -> D b (X). 

Denote by 77 : 1 —>• T the unit for the adjunction <1% d '1%, by e : < L^'I% —>• 1 the counit, and 
set m := : T 2 —>• T the multiplication natural transformation. We get the monad 

(3.2) T := (T, 77 , m). 

Let si be the object in D b {X x X) given in Equation (11.21) . Recall that si is the kernel of 
the integral transform T. We have the natural morphism 

m : si < g) c Y(&m) -* 

given in Equation (12.31) . Let g : 6\ x ^ be the morphism corresponding to the unit of the 

adjunction H Set 

(3.3) q := mo{rj®id) : GA x Y(Gm) — >• 
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The Yoneda algebra jy), considered as an object of _D 6 (pt), is a monad in an obvious way. 
Denote by fj : 1 -A Y(&m) its unit and by rh : Y(&m) <S>c Y(&m) Y (&m) its multiplication. 
The endo-functor Y(&m) (•) : D b (X) -A- D b (X), of tensorization by Y(&m) over C, has 

kernel 3/ := &\ x <g> c Y ( Gm )■ We get a monad 

(3.4) Y:=(T , 77 , 771 ) 

in D b (X) as follows. Denote by nx ■ X x M -A X the projection. We have the adjunction 
tt* x H Rttx,, 3/ is the kernel of the functor T := Rnx , ° vr^, and Y is the monad for that 
adjoint pair. We denote again by q the natural transformation from T to T induced by the 
homomorphism of kernels (13.31) . 

Remark 3.4. The above definition of q is the one we used earlier in Equation (|2.4|) . The 
natural transformation q admits a second functorial expression, which will be needed below 
(in Lemma 13.71) . Let E<% : D b (X x M ) -a D b (M ) be the composition of tensorization by 
3 / followed by Rttm,- Then 4% = E^ o k* x . Denote by G the right adjoint of E>%. Set 

F := i?7Tx*, so that T = Fir x and T = FGE<%tt x . Let V: 1 D b (XxM) GE<% be the unit for 

the adjunction. Then the natural transformation q : T -a T is equal to F V n* x . Similarly, 
the homomorphism q in (13.31) admits an analogous description provided below. 

Let A 2,3 : X x M —> (X x M) x M be the diagonal map. The kernel of the integral 
functor Ery is A 2 , 3 ,('^). The kernel of G is A 2 , 3 , (^ v <g> tt x ojx [2]). The kernel A of GE^ is 
their convolution and is identified as an object in D b ((X x M) x (X x M )) as follows. Let 
A 2,4 : X x M x X -a (A" x M ) x (X x M) be the diagonal map. Let 77*. j be the projection 
from X x M x X onto the product of the i-th and j-th factors. Then 

A = A 2 ,4* (tti,2(^ V ® Ty w a:[2]) <8> ^ 2 , 3 ^) • 

Let Pi v --i k be the projection from X x M x X x M onto the product of the i\ , ..., 'R factors. 
Let V- AjxM, &XxM —> A be the unit morphism for the adjunction E<% H G. Then 

RP 13 , ■ D b ({X x M ) x (A x M)) -A D b (A x A) 

maps A xxM*&XxM to the object 3/, maps A to the object #/, and maps the morphism V to 
the morphism q given in Equation (13.31) . The latter equality is proven in the following Lemma. 

Lemma 3 . 5 . The equality q = Rpi3 t (V) holds. 

Proof. Set q 1 := iipi 3 t ( 7 ?). Let 7 : tt^Rtt^ -A ^D b (XxMxX) be the counit for the adjunction 
715(3 ^ -R 7713 ,. Let u : 1 D b (XxX ) ^ 7 r i 3 » 7 r i 3 be the unit natural transformation for this 

adjunction. Let fj : Gx x -Rt7i3» ^ 13 Ga x be the morphism associated by u to the object 
Ga x - The morphism rj is itself the unit morphism for the adjunction ir* x H Rttx*- Set 
si := Rpi 23 ,{JF), so that i?77i3,,sY = si. We have 

q := m O (7 ® id) = (^13.(7^)) o (Riri 3 m ir* 3 (ri)) = i?77i 3 , (7^0 77*377) . 

On the other hand, q' = Rpi3 t (v) = -R 7713 , ( RP123 * (V)j ■ Hence, it suffices to prove the equality 


( 3 . 5 ) 


Rpn3 t (n) = 7^ 0 t(3Y 
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We have the equality t] = Rpi 3 t (V) o fj, since t] is the unit morphism for the adjunction 
3% H where <1% = o 7 ^. We get 

^hv = ^ 13 ^ 13 . (Rpv23.(V)) 
and Equation (13.51) becomes 

RPl23.fi) =1^° 7r 13 /i>7r 13, (#Pl23„(T0) ° ^13 (^)- 

The latter is a special case of Lemma [3761 applied with F = 7 tJ 3 , G = Rtti3,, f = Rpi23 t ( r l), 
A = , and B = #/. □ 

Let F : ^ —> fi? be a functor, FHGan adjunction, u : —> GF the unit, and 7 : FG —>• 

the counit for the adjunction. Let A be an object of *€, let B be an object of S>, and let 
/ : F(A) —^B be a morphism. 

Lemma 3 . 6 . / = 7 s o FG(f) o F(ua )• 

Proof. The composition F(A) Ft -f x) F((GF)(A)) = (( FG)F){A ) lF f£ ] F{A) is the identity, by 
jMaci Theorem 1], Hence, it suffices to prove the equality 7 s o FG(f) = f o 7 f(A)- The latter 
equality follows from the commutativity of the following diagram. Set A' := F{A). 

Horn (A\B) -SHom(G(A'),G(H)) —^ Horn (FG(A'),FG{B)) 

adj 

Horn (FG(A'),B). 

The left triangle above commutes, by jl In 1. Lemma 1.21]. The proof of the commutativity of 
the right triangle is similar. □ 

Lemma 3 . 7 . The natural transformation q is a monad map@ in the sense that qfj = rj and 
the following diagram commutes: 





Proof. The equality qfj = rj is clear. We prove only the commutativity of the above diagram. 
Let B, C, V be categories, let G : B —>• C and F : C —>• V be functors. Assume given adjunctions 
G* H G and F* H F. Let rj and e be the unit and counit for G* H G. Define fj, e similarly for 
F* H F, and let fh := FeF* be the multiplication for the corresponding monad. Set := FG, 
<L := G*F*, T := = FGG*F*, and Y := FF*. Let the natural transformation q : Y —)• T 


^We use the the term monad map following [MaMui Def. 2.2.3]. A monad map is a special case of a monad 
functor between two monads in different categories [St] . 
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be given by q := FtjF* : FF* —>• FGG*F*. We claim that q is a monad map, in the sense 
that the following diagram commutes 



Y -► T. 

Q 


The above diagram is obtained by applying F on the left and F* on the right to the 
circumference of the following diagram 


F*FGG* ^—^ < &G*F*FGG* 



The left triangle and the two right squares in the above diagram evidently commute. 

Apply the above argument with F := Ri t,y* : D b (X x M) —> D h (X ) and with the functor 
G : D b (M ) —>• D b (X x M) given by the composition of it* M with tensorization by the object 
^ v [2] in D b (X x M). (G is the right adjoint of E&). This establishes that q : Rttx^x T 
is a monad map. Every step in the above argument admits an evident translation to the case 
of integral functors. Note that we used above the description of q given in Lemma 1 , 1.51 □ 

Remark 3.8. The monad map q, induced by the morphism q : & -A zrf of Fourier-Mukai 
kernels, induces a functor 

P : D b {X) T -»• D b {Xf 

between the categories of modules for the monads T := ( T,r),m ) and ¥ := (T,fj,m) in D b (X) 
[Jj Lemma 1]. The functor P takes the T-module (x,a) to 

P(x,a) = (x,ao q x ) € D b {X) Y . 

The functor P is faithful, as the homomorphisms spaces are both subspaces of those of D h {X). 
The functor P is an example of an Eilenberg-Moore lifting of a monad functor, where the 
monad functor in our case is (1 D b (x)i ( l) [MaMul Def. 2.2.1]. Under the analogy between the 
monad map q and an algebra homomorphism, the functor P corresponds to the change of 
scalars functor, or to push-forward. The functor Q in Theorem 13.21 is analogous to a pull-back 
functor and goes in the opposite direction. For that reason the functor P will not play a role 
below. 


3.3. A universal relation “ideal”. The following proposition introduces a “universal rela¬ 
tion ideal” Consider the object 3% := &x x [~^ n ] Ext 2n (i &m) in D b (X x X). 

Proposition 3.9. Assume that the monad sd is totally split (Definition \3.1\) . There exists 
a morphism h : —>• &, unique up to a scalar factor, such that the following is an exact 
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triangle, which admits a splitting. 

(3.6) ^ A^[l]. 

Proof. There exists an object Si' in D b (X x X) and a morphism h : Si' —>• & such that 

Si' \ Si sY —> Si'[l\ is an exact triangle, by the axioms of a triangulated category. The 
following composition a 

GA x ©C \i 1 SY > , 

given in Equation m, is an isomorphism by the assumption that the monad is totally 
split. Using the long exact sequence in sheaf cohomology coming from the exact triangle 
Si' A Si A sY, one immediately obtains Si' = Ga x [~^ n ] ©c Ext 2u (Gm, &m)- The triangle is 
split as there are no odd-degree self-extensions of Gx x - Finally, h is determined up to scalars 
as the automorphism group of the object Si' = Gx x \~2n\ is C*. □ 

The morphism h : Si —>• G\ x <S) Y(Gm) is naturally an element of 

(3.7) ®^=o Ext 2 - 7 ( &a x i @A X ) ©c Horn ( H 2n (M , G M ), H 2n ~^(M, G M )) ■ 

Let tx be a non-zero element of H 2 (X, Gx), considered as a subspace of the complexified 
Mukai lattice, and let Im be its image in H 2 (M,Gm) via Mukai’s Hodge isometry (12.181) . 
Denote by t* M : Y(Gm) —>• Y(Gm) the homomorphism, which sends t? M to t ] M , 1 < j < n, 
and sends 1 to 0. The choice of tM identihes h as an element of the Hochschild cohomology 
HH*(X). Explicitly, h = ho©l + h 2 ©L^ + h 4 ©(f!^) 2 , where hij belongs to Ext 2 ^(Gx x , G/± x ). 
Let ax be the class in H°(X,ojx) dual to the class tx with respect to Serre’s duality. The 
class hi := hi © <7x in Homxx.Y(AA>(^x), Ax, t (wj)[2]) is a class in HHq(X), independent 
of the choice of the class tx, since tM depends on t \ linearly. 

Theorem 3.10. (1) The class Iiq does not vanish and h^h^ = (hi) 2 . 

(2) Rescale the morphism h, so that ho = —1. Then the class T^ (hi) in HSIq(X) is equal 
to the Chern character ch(v) of the Mukai vector v of sheaves parametrized by M. 

Proof. Part [2] of the theorem is proven in section 13.71 We include here the proof of part 
[I] which follows formally from Lemma 13.71 The class ho does not vanish, since the sheaf 
cohomology PL 271 (Si) does not vanish, while TL 2n (sY) vanishes. It remains to compute h±. 

Identify sY with A*€7\'©c A n via the isomorphism a given in Equation ()2.5j) . The morphism 
q : Si —>• sY decomposes q = (qij), 0 < i < n — 1, 0 < j < n, where qi.j is a morphism 

ftj : ®c R 2 \M, G m )[- 2j] -A A*G X ©c H 2i (M , G M )[~2 *]. 

Then q, ^ is the identity, for 0 < i < n — 1, and q t .j = (1 for i j and 0 < j < n — 1, by 
construction of a. Note that we use here the equality of the two descriptions of q in Lemma 
13.51 as a was constructed in terms of the earlier description, while Lemma 13.71 soon to be 
applied, uses the second description. The morphism h : Si —>• Si decomposes as a column 
h = (hi iU ), where n is fixed, 0 < i < n, and hi >n is a morphism 


hi, n : ©c H 2n (M, G M )[-2n] -A A,^ x © c H 2i (M, G M )[~2i\. 
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Clearly, h hn = < - 
\ 


0 if 0 < z < n - 3 

2 (n-i) ® if n - 2 < i < n. 




V 


Q0,n 


Qn—l,n 


h = 


We have the equality 

( 


0 = qh = 


QO ,n^r 


( 0 ^ 


( ° ^ 

0 


0 

hn—2,n 


1^ 

® 

to 

hn—l,n 


h 2 < 8 > 

\ hn,n ) 


\ ^0 / 

\ ( 

QO,nho 


Qn—3,n^n,n 

Qn—2,n—2^n— 2,n Qn— 2,n^n,n 

\ Qn—l,n—lhn—l,n Qn— l,n^n,n ) 


\ 


Qn — 3 , 71^0 

^4® (t* M ) 2 + q n - 2 ,nh 0 

V 11 2 ® + Q n —i tn h() ) 


We get the equalities: 

(3.8) 

(3.9) 

(3.10) 


= 0, for 0 < i < n — 3, 

Qn—2,n = <8> (^m) 2 , 

h 0 


Qn— l,n — 


_/*2 

hn 


b M- 


The class tM yields a morphism t : A*^x[ — 2] —> which is an embedding of A*€?x[—2] 

as a direct summand of We get the commutative diagram 


^[-2] ■ 
tw 

& oty ■ 




-srf\-2\ 

tsrf 

& o s4. 


The morphism & q in the above diagram appears also in the commutative diagram in the 
statement of Lemma [3171 Glue the two diagrams along the arrow W q . Set r := m{q^)(ts^) : 
stf\— 2] — > and f := rh(t t 3f) : &[— 2] -A The commutativity of these two diagrams yields 
the equality 

rq = qf : < 3^[—2] -A- 3 /. 

T | , where I r , is the n x n identity matrix and 

In ® t M 0 J 

t M ■ H 2 i(M, 0 M y+H 2j+2 {M, 0 M ) is the isomorphism obtained by multiplication by the class 
tM, for 0 < j < n — 1. Hence, 

0 \ 


The matrix of f is = 


/ 


0 


0 

h .4 <8> f ^ 

\ h 2 J 


\ ( 

and we get 0 = r(qh) = q(fh) = 


0 


hjhy, 

ho 


y h-4 <8* 


S> (4/) 2 

(^2) 2 


*0 


t*M / 


fh = 
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where the last equality follows from equations (13.81) . (13.91) . and (13.101) . The equality = 
( h 2 ) 2 follows. □ 

3.4. Computation of the full subcategory D b (X) T of D b (M ). Let D b (X)~ be the full 

subcategory of D b (X x M ) consisting of objects of the form ir x (x), for some object x in D b (X). 
We get a natural full and faithful functor X : D b (X)~ —» D b (X x M ). Let E,^ : D b (X x M ) —> 
D b (M) be the composition of tensorization by ^ followed by Rum,- Then = E^ o tt x . 
We get the following commutative diagram, where the functor Q is the restriction of S<^. 


(3.11) 


D b {X)~ 



D b (X x M) 

—— 5 - D b (M) 


Let q Xi : T(x*) —>• T(x{) be the morphism induced by the natural transformation q, which in 
turn is induced by the morphism of kernels given in Equation (13.31) . We get the homomorphism 

(<?X 2 )* : Hom D (, (x) (xi, Tx 2 ) ->■ Hom D 6 (X )(xi,Tx 2 ) 

/ ^ Qx 2 ° f, 

and the diagram: 


(3.12) 


Hom D i,(x xM) (Tv (®i) > Kx ( x 2))-*- Hom D 6 (X ) (*i, Tx 2 ) 




feu)* 


fai), ^(^2)) 


■ Hom D 6 (x) (xi,Tx 2 ). 


where the horizontal isomorphisms are due to the adjunctions. 

Lemma 3.11. The above diagram is commutative. 

Proof. The commutativity is a special case of the following Lemma applied with F := Rttx,, 
G* := 38 := D b (M), <€ := D b {X x AT), and & := D b (X). □ 

Let 38, 'io , and 3d be categories, let G : 38 —>• '8? and F : '8? —>• be functors, and let 
G* H G and F* H F be adjunctions. Let 77 : 1 ^ —>■ GG* be the unit for the adjunction. Set 
q ■= Fi]F* : FF* -> FGG*F*. 


Lemma 3 . 12 . T/ie following diagram is commutative for every pair of objects x\, x 2 m fish 


Hom(F*xi, F*x 2 ) -«■- 



G* 


Hom(F*xi, GG*F*x 2 ) 


Hom(xi, FF*x 2 ) 

(Qx 2 )* 




Kom(G*F* Xl ,G*F*x 2 ) 


Rom{xi,FGG*F*x 2 ). 
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Proof. All the arrows labeled as isomorphisms correspond to the adjunction isomorphisms. 
Hence, the lower middle triangle commutes. The left triangle commutes, by Lemma 

1.21]. The upper right triangle commutes, by definition of q and the naturality of the adjunc¬ 
tion isomorphisms. □ 

Proof of Theorem \3.2\ Theorem 13.101 yields the exact sequence with the natural transforma¬ 
tion h satisfying Equations (13.11) . The sequence in the statement of Theorem l3.2l is short exact, 
by the the splitting of the exact triangle (|3.6I) . The diagram in Theorem 13.21 is commutative, 
by Lemma l3.Hl The functor Q is full, by the surjectivity of (q X2 )* i n the diagram in Theorem 
13.21 and the commutativity of that diagram. □ 

3.5. Traces. Subsections 13.51 to 13.71 are dedicated to the proof of part [2] of Theorem 13.101 
Given two smooth projective varieties X and M, an integral functor <L : D b (X ) —>• D b (M), 
and an object x E D b (X), we have a natural composite homomorphism 

H l (X, 0 X ) Hom(z,z[*]) A Hom($(z),$(z)[i]) ^4 H\Y , ffy). 

The definition of the natural transformations y and tr are recalled below. In this subsection 
we use known results about the functoriality of Hochschild homology in order to provide a 
topological formula for the homomorphism displayed above in a special case (see Proposition 

[3TT61) . 

The following lemma will be needed in the proof of Proposition 13.161 below. Let X and Y 
be smooth projective varieties, / : X —>• Y a morphism, x an object of D b (X) and y an object 
of D b (Y). We will use the notation /* and f* for the right and left derived functors i?/* and 
Lf* for brevity. Assume given morphisms t : x —> f*y and cf : f*y —> x ® wx; [dim X]. Let 
rj : 1 —> /*/* be the unit for the adjunction f* H /*. Let f\ be the left adjoint of f* and let 
rj y (t ) E Horn (f\(x), f*f*{y)) be the image of t via the composition 

(3.13) Hom(x, f*(y)) / ^4 ) Hom(x, f*f*f*{y)) = Hom(/i(x), /*/*(y)). 

Note that f>ot belongs to Hom(x, z®wx[dimX])). Using the isomorphism /* (x<S)ujx [dim A]) = 
f\(x) ® wy[dim Y] we see that /*(</*) ° Vy(t) belongs to Hom(/i(x), f\(x) ®o;y[dimT]). Let 

(3.14) Trx '■ Hom(i, x <g> wx[dimX]) —> C 

be the composition of the isomorphism Hom(x, z®wx[dim A]) = Hom(x, x)* induced by Serre 
duality, followed by evaluation Hom(r,a;)* — > C on the identity morphism in Hom(x, z). 

Lemma 3.13. The following equality holds. 

Tr x (4> ° t) = Try(f*(</>) ° Vy(f))- 

Proof. Given z E D b (Y), we get the adjunction isomorphism 

(3.15) Hom(i,/*z) -A Hom(/!S, 2 ). 

Serre duality yields the dual isomorphism: 

Horn (f*z,S x x) Hom(z, Syf\x). 

Thus given t! E Hom(x, f*z ) and f>' E Horn (f*z, S x x), we have an equality 

(3.16) Tr x {<j>' o t') = Try((j)' o e o f\(t')) 

where <f' E Hom(*, Syf\x) is the preimage of 4>', while e(f\(t')) E Hom(/ix, z) is the adjoint 
map to t', where e : f\f* -A 1 is the counit. 
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Replace z by f*f*y in (13.151) . and pre-compose with the unit to get the diagram (j3.13|) 
whose Serre dual is 

(3.17) 

Horn (f*y,S x x) Horn (f*f*f*y,S x x) -A- Hom(/*/*y, S Y f\x) = Horn (f*f*y, f*S x x). 

Given t € Hom(x, f*y), its image in Hom(/ix, f*f*y ) via (|3.13D is nothing but rj y (t). Similarly, 
for cj) € Hom(/*y, S x x), the prei mage of (j)o efy € Horn (f*f*f*y, S x x) in Hom(/*/*y, f* S x x ) 
via the middle isomorphism in (13.171) is easily verified to be /*(</>). Thus, equation (|3.16l) 
implies that 

Tr x (((j) o Ef* y ) o (f*rj y o t)) = Tr Y {f*{.4>) ° Vyif))- 
Finally, since €f* y o f*r\ y = idf* y , we have that (< j> o ef* y ) o ( f*r) y o t) = <j> o t, and the result 
follows. □ 


Let v be a class in HHq(X) = Hom(A,\>^x, Ax,*WA'[dimX]) and let x be an object of 
D b (X). Regarding v as a natural transformation from to the Serre functor we get a 

morphism v x : x —>• x ® [dim .X]. Given a class c in HQ*(X), denote by c Ptq the direct 
summand in H p (X,Q q x ). Set d := dirn(X). 


Lemma 3 . 14 . The following equality holds: Tr x (u x ) 


Tr x 


I?{v)Vtd X ch(x x 



Note that the right hand side is the Mukai pairing of v and the class (/; Y ) -1 (c/i(x)) in 
HHq(X) as defined in |C2j, Def. 6.1]. Mukai’s sign convention, which we will follow, is 
different and we would regard the right hand side as minus the Mukai pairing. 


Proof. The statement is essentially the definition of the Chern character as a class in HHq{X) 
(see [G2L Sec. 6.2] and |C3I Theorem 4.5]). □ 

Given a scheme S and an object x € D b (S), denote by x v := RHom(x, &s) € D b (S) its 
dual object. Let 

hx ■ &s —> x v <S> x 


be the natural morphism and 

tr : x v <S> x —> &s 

the trace morphism ( |Mulj . page 114). The following identity holds. 

(3.18) tr o /_/ x = rank(x') • 1. 

Assume next that S is smooth and projective. Consider the trace pairing 
Hom(x,x[i]) ® Hom(x[i], x <S> ws[dim S]) A Hom(x, x ® a; s [dim S']) A H dimS (S, cos) — C, 


where the left arrow is composition. Mukai shows that the above pairing is a perfect pairing, 
for 0 < i < dim S' ( |Mulj . page 114). Mukai’s trace pairing is induced by Serre’s duality as 
follows. Set y := x v <S> x. We can rewrite Mukai’s pairing as 

(3.19) H\y) ® H d ^ s -\y ® u s ) H d ™ s (S,co s ), 


while Serre’s duality yields a pairing 

(3.20) 7T : (y v ) ® H diraS -\y <g> u s ) -> H dimS {S,u s ). 


Mukai interprets the composition 

Rjrf?om(RJ4fom(xi x) v , RJifom(x, x)) = RJ^om(x,x)®RJ^om(x,x) A RJifom(x,x) A &s 
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as an isomorphism ip : RJ$?om(x, x) v —>• RJ4?om(x,x), or equivalently, ip : y v —>• y. Relating 
the leftmost factors in (13.1911 and (13.201) via ip relates Mukai’s trace pairing to Serre’s duality. 

Let G : D h (S ) —>• D b (S ) be the functor of tensorization by the object x. The right and left 
adjoints of G are both isomorphic to the functor G^ : D b (S) —>• D b (S ), of tensorization with 
x v . Let A s ■ S —>• S x S be the diagonal morphism. Then A s*(px) ■ A s*{&s) —t A <S>x) 
induces the unit natural transformation fj, x : id —>• G^G for the adjunction. The morphism 
As»(tr) : A s*(x v <8> x) —> A s*{&s) induces the counit natural transformation tr : G^G —» id. 
The morphisms 

(3.21) /j x : Hom(^ 5 , &s[i]) Hom(^s, x v ® x\i\) = Hom(x, x[i]), 

G : Hom(^ s , ff s [i]) -A Hom(G(^s), G(0 s )[i]) 
are equal under the identification x = G(<^s), by [Hull Lemma 1.21]. 

Remark 3.15. If Hom(x, x) is one-dimensional, then 

(3.22) Hom(x, x ® W5[dim5]) % H dimS (S,us) 

is an isomorphism. Indeed, both spaces are one dimensional and the statement reduces to the 
non-vanishing of tr : Hom(x, x)0Hom(r, ic<8>w,s[dim,S']) —>• H dimS (S, u>s), which holds it being 
a perfect pairing. Now let t be an element of H dmiS (S,lus). As a consequence of the above 
isomorphism, we see that the element fi x (t ) of Horn (x, x ® ujs [dim S]) vanishes, if rank(.T) = 0 
and Hom(s,x) is one-dimensional. Indeed, tr{fx x {t)) = rank(x) • t = 0 in this case. 

Let A be a projective I\ 3 surface, M := Mjj{v ) a moduli space of iL-stable sheaves with 
Mukai vector v satisfying the hypothesis of Theorem 12.21 and <1% : D b (X) —>• D b (M) the 
faithful functor in Theorem 12.21 Assume that (v,v) > 2. Given objects x and y in D b (X ), 
set Hom*(x,y) := ©,Hom(x, y[i])[— *], as an object of the derived category of a point. Let 
Y(x) := Hom*(x,x) be the Yoneda algebra. The morphism y x induces the natural algebra 
homomorphism 

Mx : Y{Gx) 

for every object x of D b {X). Define 

■ Y(ff M ) 

similarly. 

Let t x G H 2 {X,0 x ) be a non-zero element. 

¥>* ■ H*(X, C) 

be the homomorphism induced by the correspondence y/tdxchffl )y/tdM £ H*(X x M, (Q). 
Given a € H*(X, C), denote by [ip^(a)\ 2 the graded summand in H 2 (M, €). 

Proposition 3.16. For every object x of D b (X), the following equality holds: 

(3.23) tr ($w(iJ,x(tx))) = rank(x) [tp<%{tx )] 2 , 

where tx on the right hand side is considered as an element of the summand H°' 2 (X) of 
H 2 (X,C), via the Hodge decomposition, and the left hand side is similarly considered as an 
element of the subspace H 0,2 (M) of H 2 (M, C). 

Proof. Let T : D b (X) —> D b (M) be the integral functor with kernel <S> ir* x (x). So < I > (a) = 
< hf/(x(8 >a). Then $<&(fJ, x {tx)) = $(tx), by the equality of the two homomorphisms displayed 
in Equation (|3.21 jl . Let 


Let 


Y(x), 

Y{$ v (x)) 

H*(M,C ) 


ip : H*(X, C) 


H*(M, C) 












36 


E. MARKMAN AND S. MEHROTRA 


be the homomorphism induced by the correspondence n* X \J td x ch(fi/ <g> ts* x x)ts* m \Jtd,M ■ Note 
that ch(x)t x = v(x)tx = rank(a:)t_Y in H*(X, C). So we get the equality 

<p(tx) = <pw(ch(x)t x ) = rauk(x)(p^(t x )- 
It remains to prove the equality 

(3.24) tr (4>(tx)) = [<f(t x )] 2 . 

Let r) and e be the unit and counit for the adjunction H Am,. We get the following 
morphisms 

Xf A* ff M V A * A A* ff f 4 Jf%XHl A * _ /S 

Vm — %PtfxM - > — &m, 

which compose to the identity. Let r)M '■ H 2 (M, @m) —>• HH_ 2 (M) be the composition 


o x M ) 

H 2 (M, &m) — Hom(^M, ^m[ 2]) 7 Hom(^[-2], A^A Mt A* m G Mx m) 

Hom(^ M [-2],A^A M ^ M ) = HH_ 2 {M). 

The analogous homomorphism r] X '■ H 2 (X, G x ) —> HH~ 2 (X), for the /\3 surfaces X, is an 
isomorphism. Let 6m ■ HH^ 2 (M) —» H 2 (M, Gm) be the morphism induced by £[a* e MxM \- 
We have the following diagram, where the middle square commutes by Theorem ( 2 .151 


HH_ 2 (X) 



t x € H 0,2 (X) f? 



HQ- 2 (X) 


(■M 



Here 4)* is the homomorphism on Hochschild homology recalled in Equation (12.141) . The 
triangle on the right (with arrow cm) commutes as well. Indeed, the composition 


AmAm,*Am^mxM —©IT[i] —> A* m Gm, 

where pr° is the projection onto the component in degree 0 and Im is given in equation (12.131) . is 
nothing but e [A ^ MxM ]. Furthermore, e M °m is the identity, since £[a^ M xM ] 0 A * m Pg M xM = 

Equality (|3.24j> reduces to the equality 


(3.25) 


tr ($(**■)) 


7 r 


.0,2 


if (Mvx(t x ))) 


Equivalently, it suffices to prove that maps ijm [tr (<f>(ix))] and $ > *( r lx(tx)) to the same 
element of H 2,0 (M). 

Let (3>*)t be the adjoint of with respect to the Serre Duality pairing, given in equation 
(12.161) . We will verify equality (|3.25l) by establishing the equality 

(3.26) (v,t]m [tr ($(*x))]) = ((^*)^,r]x(tx)), 

for every element v E HH^ 2 (M) V , which is in the image of the following composition 

H 2n ~ 2 (M,u M ) = Hom(%, WM [2 n - 2]) ^ Rom(G AM ,u AM [2n - 2]) ^ LTLX 2 (M) V , 
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where the right isomorphism is Serre’s duality. This suffices because (Am* (P), A) = (P, cm (A)), 
for every A £ HH ~2 (-AT) and P € H 2u ~ 2 (M,ujm)- The following three observations explain 
the latter equality. 

(i) The right isomorphism in the displayed composition above is given also by the Mukai 
pairing under the identification HH 2 (M) = Hom(^A M ,WA M [2n —2]), by [ C21 Subsec¬ 
tion 4.11]. 

(ii) The modified HKR isomorphism I* 1 is an isometry with respect to the Mukai pairings 
on HH*(M) and iLfl*(M) (see the conjecture in [03, Sec. 1.8] and its proof in [1 IN'i 
Theorem 0.5]). 

(iii) The compositon of the map /* -/ oAm,* : —>• H£l 2 n-i(M) with the projection 

Hib 2 n -i(M) —> H 1 (M,u>m) is the identity (see the proof of ]HNi Prop. 2.1]). 

Let P be an element of H 2h ~ 2 (M,ujm) mapping to z/. The morphisms < h(tx) : &(&x) 
<L(^x)[2] and h$(^ A -)[ 2 ](P) : d ) (^x)[2] —> &(&x) ®wm[ 2n] compose to yield the morphism 

V<t>(0 x )[2](v) o <h(tA') : Wy) —>■ $(^x) ® wm[2u]. 

For any two objects x\. X 2 of D b (X), we have the homomorphisms 

<h : Hom(xi,i 2 ) —l Hom(4>(xi), $(^ 2 )) 


and its left adjoint with respect to the Serre Duality pairing 

: Hom($(i2), $(xi) <g> wm[ 2«]) —>• Hom(x2, x\ <g) Wx[2]). 

The morphism M$(tfx)[2] (P) belongs to Hom(<h(x 2 ), 4>(xi) 8wm[ 2n]), for aq = Ox and X 2 = 
Ox[2]. Hence, [y$(<? x )[ 2 ](P)] belongs to Hom(^x, Ox <8> wx)- The equality 

(3.27) Tr M (tr [m$(^ x )[2 ](«?) 0 $(Ly)]) = Tr x [p<e>(^ x )[ 2 ](P)] 0 Ly) 

is established in [ C2l Prop. 3.1]. 

We prove next that the left hand sides of equations (13.261) and (|3.27p are equal. The equality 
tr [v$( 0 x )[ 2 ]{v) o $(t x )] = Potr($(tx)) 

holds, by [C2l Lemma 2.4], Now 


Tr M (P o tr (4>(tx))) = Tr M xM (v 0 VM [tr ($(*x))]), 


by Lemma [3.131 applied with X = M, Y = M x M, / = Am, x = Gm\~ 2], y = OmxM, 
t = tr (4>(tx)), and 1 f> = D. Hence, the left hand sides of equations (13.261) and (|3.27l) are equal. 

It remains to prove that the right hand sides of equations (|3.26l) and (|3.27l) are equal. The 
following relation between and (4>*)t holds, for every object F of D b (X) 


(p<i>(f)(P)) - 

by [C2i Prop. 3.1]. Taking F = Ox, we get 


(4>*) t (A m *(P)) 


(3.28) 


(Am*(z>)) 


J e x 




J 0 X 


In addition, we have the following relation between the Serre Duality pairing for morphisms 
in D b (X) and the Serre Duality pairing for morphisms in D b (X X X), or for natural transfor¬ 
mation. 


= ([(f.l'M 


- fix 


tx)- 


(3.29) 


(( < h*) t (i/), r]x(t x )) 
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Indeed, the morphism (3>*)t(z/) belongs to Hom(Ax* Gx, A x*^x)- Hence, ( , L*)t(i') = A x t (4>), 
for a morphism <j) in Hom(^\')Wx). Now apply Lemma 13.131 with Y = X x X, f = A\, 
x = &x[ —2], y = GxxX, t = tx, and f> as above, to obtain Equation (|3.29D . 

Combining the last two equations above we get: 


<(«>,)t(0, ”x(t x )) 


com 


{ (#.)'(* 


- fix 


tx) 


iliOKl 


($L > tx)- 


This is precisely the desired equality of the two right hand sides of equations (13.2611 and 

4223 ). ” “ □ 


Example 3.17. Let us verify Equation (13.231) in a simple case. Take n = 1, identify X with 
M := JfW, and set % := J’x to be the ideal sheaf of the diagonal in X xlW. Choose a sheaf 
F on X satisfying h l {F) = 0, for i > 0. Consider the short exact sequence 

0 —X % — > &XxX —t G/\ x —t 0. 

Then rank(<h^(E)) = x(X) — rank(E) and <h^(E) fits in the exact triangle 

F[-l] -»• $#(F) -)• H°(F) ® c G x -> F. 

Furthermore, [pq/{t x )\ 2 = — tx, under the identification of X with M := X M. The Fourier- 
Mukai transform && XxX with respect to the structure sheaf &xxx sends pF(t x ) : F —>• F[2] 
to zero. Indeed, consider the cartesian diagram 




7Tl 


K 


X -^ {pt}. 


Then Rx 2 t x\{yF{tx)) = k*-Rk*(/af(La)) = ft*fv*(/rp(fx)) and the morphism k*(/af(Lv)) : 
H°(F) —>• H°(F)[ 2] in H 6 ({pt}) vanishes. We get the commutative diagram 


<M^) 


®Vr(v-F(tx)) 


Q«(F)[ 2] 


— H°(F) ® c G x 

(uf (* x ))=0 

+ H°(F) ® c 


F 


FF(t X ) 

F[2]. 


We see that indeed tr(<J>^(/rp(tx))) = — rank(F)tx = rank(.F)[<^(fx)] 2 - Note, by the way, 
that : Honr(E, F[2]) -> Hom($^(E), $<^(F)[2]) is an isomorphism. If the sheaf F is 
simple, then Hom($^(F), $<%(F)[2\) is one-dimensional. In that case we get the equality, 

rank ($w(F))$q r (fj, F (t x )) = vank(F)y^ {F )([ ( f^(tx)h), 
since both sides above have the same trace. 


3.6. A relation in the Yoneda algebra of Let tx be a non-zero element of 

H 2 (X, Gx) and : H*(X, C) —t H*(M, C) the homomorphism in Proposition 13.161 Set 

(3.30) ijif := [<P<v(tx)] 2 - 

Lemma 3.18. The class tM spans Furthermore, the following equality holds, for 

every object x E D b (X). 

(3.31) tr ($w(iJ x (tx))) = rank (x)t M - 


Proof. The statement follows immediately from Theorem 12.161 and Proposition 13.161 


□ 
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We regard tx also as an element of the subspace Ex.t 2 (Gx, Gx) of Y(Gx)- Given an object 
x of D b (X), set 


tx ■ /hr (tx') 

f < F.^c(x) ■ (x) (f A/) • 

Let u(x) := ch(x)y/tdx be the Mukai vector of x. Then t^^M is an element of Ext 2 (<3?^(x), $>w(x)) 
satisfying 

(3.32) tr [*$«*. ( x )] = tr ( f M )] = rank(<f>^(x)) • t M = - (u,u(x) v ) t M - 


Lemma 3.19. Let x be an object of D b (X) satisfying Hom(x,x) = C. The following equation 
holds in Ext 2n (3>^(x), 4%(x)). 

(3.33) - (u,u(x) v ) (t$^ (a; )) n_1 ^(fx) = rank(x) (4^(x))”- 

Proof. The vector space Ext 2 " (4%(x), 4>^(x)) is dual to Hom(ff(x), <3?^(x)), which is iso¬ 
morphic to Hom(s,x), by Theorem 12.21 and is thus one-dimensional. Consequently, the two 
sides of Equation (I3.33P are linearly dependent. Equation (I3.33P would thus follow from Equa¬ 
tions (I3.3ip and ()3.32l) . once we prove that the Yoneda product 

(4^(x)) n_1 ° : Ext 2 ($^(z),$^(x)) Ext 2 " ($^(x),$^(x)) 

factors through tr : Ext 2 (<f%(x), $<%(x)) —> H 2 (M,Gm)- We prove this factorization next. 
Note that the morphism : Gm <g> <3?^(x) is compatible with the Yoneda 

product. Hence, (t^( x ))" 1 = M^fx) {tfff 1 ). For every object y of D h (M), and for every 
integers i and j, the outer square of the following diagram is commutative. 


Ext* (y , y) ® Ext- 7 (y , y) -»- Ext* +J (y , y) 



Ext l (y, y) <g> W{G m ) tr 

tr ®id 

'' ' ■ 

^(Gm) ® H^G m ) -- H i+ \G M ). 


The homomorphism a, defined to make the diagram commutative, factors through the bottom 
left vertical homomorphism tr <S> id, whenever the right vertical trace homomorphism is an 
isomorphism. Apply it with y = <h^(x), i = 2, j = 2 n — 2, the element tfff 1 of H 2u ~ 2 {Gm)i 
and observe that the trace homomorphism tr : Ext 2 "(<h^(x), 4>^(x)) —>• H 2ti {Gm) is an 
isomorphism, by Remark 13.151 and the fact that Hom(<h^(a:), $<gr(x)) = Hom(x,x) = C. The 
Equality (13.3311 now follows, where the coefficient on its left hand side is explained by the 
equality rank (<E%(x)) = — (u,u(x) v ). □ 

Both sides of Equation ( 13.3311 vanish, whenever rank(x) = 0 or rank(<h^(x)) = 0 (that is 
— (u,u(x) v ) = 0). This can be seen directly, without using the above lemma, as follows. The 
left hand side vanishes if rank(x) = 0, since t x := y x (tx) vanishes, by Remark 13.151 The right 
hand side vanishes if rank(4>^(x)) = 0, since (^(z))" := (M$^(x)(^M)) n = h^^(x){(t M ) n ) 
vanishes, by Remark 13.151 again. Assume next that Hom(x, x) is one-dimensional. Let tr~ l 
be the inverse of the isomorphism given in Equation ( 13 . 2211 . If rank(x) and rank(<h^(x)) do 
not vanish, Equation ( 13.3311 is equivalent to the following equation: 

( 3 - 34 ) (t^r 1 (t n M ) ■ 
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We will verify Equation (13.341) assuming only that rank(<L^(x)) does not vanish (Theorem 
13.211) . We expect the above equation to hold even if rank(4%(x)) vanishes. 


3.7. The natural transformation /i 2 is the Mukai vector. Set R{M ) := Ext 2n (ffjii . &m)[—2 n], 
regarded as an object of D b ( pt). The objects of the exact triangle displayed in Equation (13.61) 
correspond to kernels of integral endo-functors of D b (X). The object corresponds to the 
functor of tensorization by R(M ) over C. The object & := 6a x ©c Y(6m) corresponds to 
the functor of tensorization by Y(&m) over C. The object sY is the kernel of the functor 
The morphisms of the exact triangle ()3.6|) correspond to natural transformations 
between these endo-functors. 

Given objects F\ , F 2 of D b (X), we get the short exact sequence 
(3.35) 

0 —> Horn (Tj, F ‘2 <8>c R(M)) —A Horn (F\. F 2 ® c Y {6m)) —^ Horn (F\, T^<1%( F 2 )) —> 0. 

Exactness of the above sequence follows from the splitting of the exact triangle (13.61) . Equiv¬ 
alently, we have the short exact sequence 

0 -A Horn (Fi, F 2 [-2n]) <g> Ext 2n (^ M , 6 M ) ^ ©r=o Hom (* 1 , F 2 [-2i}) ® Ext 2i (6 M , 6 M ) 

% Hom($»(Fi),$»(F 2 ))->0. 

Set Y 2k := H 2k (M. 6m), so that Y 2k [—2k] is the graded summand of Y{6m) of degree 
2k. Let tx € H 2 {X , 6x) be a non-zero class, tM € H 2 (M, 6m) the class associated to tx in 
Equation (13.301) . and let tf be the class p,F(tx ) i n Ext 2 (F, F). Write h = ho <8> 1 + h -2 <8> t* M + 
fi 4 © (tjvf) 2 ; using the notation of Theorem 13.101 Above, h, 2 j is a natural transformation from 
the identity functor 1 of D b (X ) to l[2j]. 


Theorem 3.20. Let F\ and F 2 be objects of D b (X). 

(1) The following is a short exact sequence 

0 -A Hom*(Fi, F 2 [-2n\) © Y 2n A Hom’(Fi, F 2 ) © Y{6 M ) A Horn* ($»(Fi), $^(F 2 )) -A 0, 


where h and Q are homomorphisms of degree 0, and Q(g © y) = (F 2 )(y)^'%'(d)■ 

(2) If F\ and F 2 are sheaves on X, then Hom(d>^(Fi), <L^(F 2 )[A:]) = 0, for k > 2n and 
for k < 0. The homomorphism Q restricts to an isomorphism for degrees in the range 
0 < k < 2n — 1. In degree 2n we get the short exact sequence 

Ext 2 (Fi,F 2 ) ®Y 2n ~ 2 


0 -A- Hom(Ej, F 2 ) © Y 


2 n K 


Y'2r 


Q 


Hom($^(Fi),$^(F 2 )[2n]) -A- 0, 


• n 

l Mi 


Horn(iq, F 2 ) 

where h is given by the equality 

Hf © * m ) = (^ 2 f 2 0 /) © tr M 1 + ( H 0f 2 

for all f € Hom(Fi, F 2 ). Consequently, if in addition Hom(Fj. F 2 ) = 0, then Q induces 
an isomorphism in degree 2n as well. 

(3) When F is a simple sheaf on X, the kernel of 

' Ext 2 (F, F) © Y 2n ~ 2 ' 

Q ■ © —> Hom($<^(F),<L^(F)[2n]) 

Hom(F, F) © Y 2n 

is spanned by the element 

- (y, v{F v ))trf 1 {t x ) © t\f l - 1 © t n M , 


(3.36) 
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where trp : Ext 2 (E, E) —>• H 2 (X, Gx) is the isomorphism given in Equation 113.22 )) . 

Proof. (JTJ) The short exact sequence in formula (13.351) establishes the statement in degree zero. 
For degree k, replace by the object [k]. We have the equalities 

( qF 2 )*{g®y) = {pn* x F 2 {^* M {,y)) * x F 2 )(y)°^(^*x(g)) = h^(F 2 )(y)°^(g), 

where the first equality follows by Lemma 13.111 the second is due to the fact that the kernel 
A23*(^0 in D b ((X x M) x M) of the integral functor is supported on the diagonal, and 
the third since o tt* x . The formula for Q(g © y ) follows. 

© Note first that Ext J (Ei,E 2 ) vanishes, for j {0,1,2}, since Fi and F 2 are sheaves. 
When Ei and F 2 are sheaves, and k > 2n or k < 0, then the degree k component of h is 
an injective homomorphism from a finite dimensional vector space to itself, by part [I] hence 
an isomorphism. If k is in the range 0 < k < 2n — 1, the space Hom(Tj, F 2 [k — 2n]) © Y 2n 
vanishes, hence the degree k component of Q is an isomorphism. The statement in degree 2 n 
follows easily from part |TJ 

Q If rank(E) 7 ^ 0, then the element given in (|3.36l) belongs to the kernel of m 2 n , by Equa¬ 
tions (13.181) and (|3.33D . This element must span the kernel, as the kernel is one-dimensional, 
by part El The kernel is spanned by 

h(l F &) t£f) = h 0F © th + h 2l , ® t^J 1 

as well. Hence, h 2p = ho F (v,v(F w ))trf 1 (tx), for every simple sheaf F satisfying the in¬ 
equality rank(E) 7 ^ 0. We conclude that does not vanish and we normalize the natural 
transformation h by rescaling it, so that ho F = — 1. Then 

(3.37) h 2p = —(v, v(F s/ ))trp 1 (t x ), 

for every simple object F satisfying the inequality rank(E) / 0 . Let a x € H°(X,ux) be the 
class, such that Trxifx < 8 > <Jx) = 1- The class h 2 := h 2 © ax belongs to HHq(X) and the 
above equation translates to Trx(h 2p ) = — (u,u(E v )). The latter equality holds for all simple 
sheaves F satisfying rank(E) 7 ^ 0. This suffices to determines the algebraic part of the class 
(h 2 ) in HQq(X) as ch(v)y/tdx, by Lemma [3. 141 Hence, Equality ()3.37|) holds regardless of 
the vanishing of rank(E). Part ([2]) of the Theorem follows. □ 

Proof of part® of Theorem \3.1(A Write H 1 ’ 1 (X, C) = [H 1 ’ 1 (X, Z) © z C] © ©(X), where 0(X) 
is the transcendental subspace. Both ch{y) and /; v (h, 2 ) are elements of 

H°(X, C) © €) © H\X, C). 

Now ch\{v) belongs to H ljl (X, Z) © z C and Equation (13.371) in the proof of Theorem 13.201 
© implies that the projection of I*(h 2 ) to Z) © z € is equal to ch\{v). Varying the 

surface X in a codimension one family in moduli keeping ch\{y) of Hodge type (1,1), the 
classes ch(y ) and I*(J 12 ) define two continuous sections of the Hodge bundle GY 1 ' 1 with fiber 
iL 1 , 1 (X, C), the difference of which is purely transcendental. But a purely transcendental 
continuous section of J ^ 1,1 over such a family must vanish, by the density of Hodge structures 
with trivial transcendental subspace. □ 

Let F be a simple sheaf on X and Y(F) := ffi 2 = 0 Ext*(E, F)[—i] its Yoneda algebra. Let 
Y(&fy(F)) := ffij ez Hom($^(E), $<%(F)[i])[—i] be the Yoneda algebra of <h^(E). Let 

f-Y(F) ® c C[^7(%(7)) 

be the algebra homomorphism restricting to Y (E) © 1 as <I>^ and sending the indeterminate 
z to M$^(.f)(£m) in Hom($<^(E), 3% (E) [2]). The homomorphism / is well defined, since 
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belongs to the center of Y(&y/(F)), as t,M is a natural transformation from 

1 D b (M ) to ^D b (M)[2]- 

Theorem 3.21. The homomorphism f is surjective and its kernel is the ideal generated by 

(3.38) 1 (8 )z n + 0 v,v(F''))trp 1 (t x ) ® z n_1 . 

Note that the equality /(l (8) z n ) = —/ ((f, n(F v ))tr^ 1 (t_ y) <8> z n_1 ) implies the vanishing 
of /(I (8> z n+1 ), since ( trf^itx )) 2 = 0. Hence, / factors through Y(F) (8) Y(0 M ). 


Proof. The algebra Y(F)<S> c C[z] is graded, where z has degree 2. Let Y 7 be its quotient by the 
ideal generated by the homogeneous element (13.381) . The homomorphism / factors through a 
homomorphism / : Y' —> Y(<fra>/(F)), by Theorem 13.201 ([3]). The algebra Y' is graded. Denote 
by Y' its graded summand of degree d. Then 


dim (Yd) 


dim Ext 1 (F, F) if d is odd and 0 < d < 2n, 
2 if d is even and 0 < d < 2n, 

1 if d = 0 or d = 2n, 

0 otherwise. 


These are precisely the dimensions of the graded summands of Y(<3?^(E)), by Theorem 13.201 
©. Hence, it suffices to prove that the homomorphism / is surjective. Surjectivity follows 
from Theorem 13.201 (j2|) . □ 


3.8. Moduli spaces of sheaves over the moduli space M. We continue to assume that 
M := Mh{v) and the modular object sY over X x X is totally split as in Definition 13.11 Let S 
be a scheme of finite type over €. A coherent €?g-module F is simple , if Ends(E, F) is spanned 
by the identity. Let Spl(S) be the moduli space of simple sheaves over S jAKj . Denote by [ F] 
the point of Spl(S) corresponding to F. 

Corollary 3.22. Let F be a simple coherent Gx-module and assume that Qq/(F)[i] is equiv¬ 
alent to a coherent Gm- module Fm, for some integer i. Then Fm is simple. The functor <1% 
induces an isomorphism, from the open subset 

U := {[F] : <&q/(F)[i\ is equivalent to a coherent Gm- module} 
of Spl(X), onto an open subset of Spl(M). 

Proof. If F is simple, then it is a smooth point of the moduli space Spl(X) of simple sheaves 
|Mul| . The functor induces isomorphisms <1% : Ext x(F,F) —» Ext 1 m (Fm, Fm), for i = 

0,1, by Theorem 13.201 Hence, Fm is simple, if it is a sheaf. The functor <3?^ defines a 
morphism cf : U —>• Spl(M). This follows from a flatness result for Fourier-Mukai functors 
( |Mu2| . Theorem 1.6). The differential of cf at [E] is the isomorphism of Zariski tangent 
spaces : Ext } X (F,F) —>• Ext (Fm, Fm). Combining the injectivity of the differential 
with the smoothness of Spl(X), we conclude that the dimension D of Spl(M) at [Fm] is 
larger than or equal to the dimension d of Spl(X) at [F], The surjectivity of the differential 
implies that D < d. Thus, D = d = dim (Ext 1 (EM, Fm)) , and Spl{M ) is smooth at [Fm]- 
The homomorphism : Hom(Ei, F 2 ) —>• Hom(d>(Ei), $(^ 2 )) is an isomorphism, for any two 
sheaves F\ , F 2 on X , by Theorem l3.201 It follows that cf is injective and hence an isomorphism 
onto its image. □ 


Example 3.23. Choosing F to be a sky-scraper sheaf of a point of the A'3 surface X we see 
that X is a connected component of Spl(M). The twisted universal sheaf over X x M for 
the coarse moduli space M := Mh(v ) of H-stable sheaves over the K 3 surface X is also a 
universal sheaf of X as a moduli space of sheaves over M. 
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Example 3.24. Let : D b (X ) —>• D b (M ) be the integral functor defined by replacing the 
kernel ^ with in equation (11.1L Define 4%v : D b (M) —»■ D b (X ) similarly. Note that the 
kernel of the integral functor \k^v o is also isomorphic to 2i], by Theorem 

12.21 as its kernel is the pullback of the kernel 32 / of o via the transposition r of the 
two factors of X x X. Now . 2 / is r-invariant. Theorem 13.201 applies to the functor 4%v as 
well. Let tn € K(X) be another class and H' a tc-generic polarization, such that .Mu' (w) is 
smooth andprojective. Assume that all sheaves parametrized by one of or are 

locally freeQ Denote by w n the class of w <S> Then is isomorphic to H'(w n ). 

Assume that both v and w have positive rank. Fix n sufficiently negative. Then Ext* (A, F') is 
isomorphic to H l (F* <g) F') if F is locally free and to H 2 ~ l (F ® {F')*)* if F' is locally free, and 
it thus vanishes, for i / 2, for all iL-stable sheaves F of class v, and for all H'- stable sheaves 
F' of class w. Thus, < h^-v(A , )[2] is equivalent to a coherent sheaf, for all such F'. We get a 
component of Spl(^H{v)) isomorphic to .Mu'( w ), via Corollary 13.221 

4. The transposition of the factors of M x M 

Let A be a I\ 3 surface. If X is projective we assume given a primitive Mukai vector v 
with ci(u) of Hodge-type (1,1) and a w-generic polarization H and we set M := Mu{v). We 
also consider the case where A is a Kahler non-projective K 3 surface and M = AI n l. Let JA 
be the modular object and S the modular sheaf over M x M (Definition II.5p . We calculate 
the extension sheaves Sxt l (S, Gmxm) and Sxt l (S,S) and the torsion sheaves STorflS* ,S} in 
this section. Let be the transposition of the two factors. 

Lemma 4.1. The following two objects of D b (M x M ) are isomorphic. 

(4.1) & ^ r*jA v [2], 

Proof. The object & is defined as (7 t* 2 ^ v <8 > ^ 23 ^ [2]). We have the isomorphisms: 

= RJifom(R 7 T 13t ®tt* 23 W[ 2 }) ,G Mx m) 

= Rn 13, \R^om. (ny ®7r2 3 ^[2],7rj 3 ^Ai X Af)} 

= Rir 13t (ttJ 2 ^ <g> 7r 23 ^ ,V ) - T*&\- 2], 

where the fist isomorphism is clear, the second is Grothendieck-Verdier Duality, the third uses 
the triviality of 04-131 and the last is clear. □ 

Let A C M x M be the diagonal. Pushforward via the inclusion morphism embeds the 
category of coherent sheaves on A in that of MxM. We suppress the pushforward notation and 
regard the former as a subcategory of the latter. Recall that S := = Ga, 

and all other sheaf cohomologies of TF vanish. The following is a more precise description of 
S due to the first author. 

Proposition 4.2 ( |Ma5] . Proposition 4.5). The reflexive sheaf S is locally free away from A. 
Rs restriction to A is untwisted, and is described as follows: 

(i) S <g> Ga = Pl\/G a • v, where a is the symplectic form; 

(ii) TorflS, Ga) = 2 , for i> 0 . 

Set S y := RJSomfS, Gmxm) and S* := J4?om(S, Gmxm), so that S* := J4?°(S V ). 

® If v = ( r , c, s) is primitive, H is u-generic, r > 2, (r, c, s+1) = feu, where fc is an integer and u is a primitive 
Mukai vector satisfying (u, u) < —4, then all sheaves parametrized by Mh(v) are locally free. 
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Lemma 4.3. The following sheaves isomorphisms exist: 

S* = t*S, 

Sxt l (S, &Mxm) — 

£xt 2n - 2 (£,0MxM) = ^A, 

and Sxt l (S, &mxm) = 0, if i does not belong to {0,1,2 n — 2}. 

Proof. Dualizing the exact triangle S [1] -A & —>• Ga —>• S[ 2], we get the exact triangle 

S v [-2] -A cja[— 2n] -A ^ -A <? v [-l]. 

Trivializing wa, shifting by 2, and applying the isomorphism (14.ID . we get the following exact 
triangle. 

-A Sa[ 2 - 2n\ 4 -A <f v [l]. 

The sheaf homomorphisms (^a[ 2 — 2n]) -A- JF l (r*SP) vanish for all i, since 

n > 2. The long exact sequence of sheaf cohomology breaks into = Jif°(S v ), 

= ^S X (S^\ and J l S 2n ~ 2 (S v ) = Ga, and GiS l (S w ) = 0, if i does not belong to 

{0,1,2n — 2}. □ 

The following proposition is used in the proof of |MM2( Theorem 1.11]. 

Proposition 4.4. The sheaf Sxf(S , S) comes with a decreasing filtration 

F°Sxt\S, S) c F-'SxfiS, S) C • • • C F 2 ~ 2n Sxt\S, S) = Sxf{S, S) 

with graded pieces E™ := F q Sxt p+q (S,S)/F q+1 Sxt p+q (S,S) satisfying 

(1) E 'to° = F°Sxt°(S,S) = S* <S> S/torsion, 

—1 q3 

-C'OO - 

Tpln— 2,2— 2n (~)2n 

Jl/OQ — ? 

and all other graded pieces of the filtration of Sxt°(S,S) vanish. 

(2) We have the short exact sequence 

o —> n 2 A /(a) -a Sxt 1 (s, s) -a n 2 ?- 1 -a o, 

where the subsheaf is E^ and the quotient is E^~ 2,3 ~ 2n and all other graded pieces 
of the filtration of Sxt 1 (S , S) vanish. 

(3) Sxf(S, S) 9* n 2 ^-\ for 2 < i < 2n — 3. 

Sxt 2n ~ 2 (S , S ) = fl^/(cr), and 
Sxt l (S , S) = 0, for i > 2n — 2. 

(4) The torsion subsheaf of S* ® S is isomorphic to . 

STorj(S*,S) = D-^ 4 , for j > 1. In particuler, ST orj[S* ,S) vanishes for j > 2n — 4. 

Proof. Let Wj — > Wj + \ —»■■■■—»■ IT_i -> VFo —>• S be a locally free resolution of S. Denote 
the locally free complex by (IT., d) and let (W*,d*) be the dual complex. We get the double 
complex 

W p ' q := Wf p ®W q , p > 0, q < 0 

and the associated single complex I\ k := ® p + q= kW p ’ q with differential D, which restricts to 
W p ' q as (-l)P(d* ® 1) + (1 ® d) : W™ -A W p+1 ’ q © W p ’ q+1 [GH] Ch. 4, Sec. 5]. Note that 
(' W,,d ) is quasi-isomorphic to S, (’ W*,d *) represents <f v := RJSom(S, Gmxm), and (K m ,D) 
represents RJFom(S,S) in D b (M x M ). In particular, we have the isomorphism 

JlT{K m ,D) = Sxt\S,S). 
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Consider the decreasing filtration F q K l := ® p +q'=i,q'> q W p,q ' and denote the induced filtra¬ 
tion on sheaf cohomology by F q Sxt\S , S ). Set E ™’:= F q Sxt p+q (S, S)/F q+1 Sxt p+q {S, S). 
We have a spectral sequence converging to with 

E p ’ q := ,yf p ((W:,d*) <g> W q ) “ Sxt p {S, W q ) “ , %xm) <8> W 9 . 

^ ^ @My.Mi) ® w„ 1 <g> d) * 3Tor_q (Sxt p (S, 4xtf)/) • 

We have seen that Sxt p (S, &mxm) is isomorphic ^Aj for p = 1 and p = 2n — 2, and it van¬ 
ishes for all other positive values of p, by Lemma 14.31 Furthermore, we have the isomorphisms 
ZFor_ q (S A ,S) — f° r 9 < 0, and ZF or o {ZZ A ,S) — ^aA 0 ”)’ by Proposition 14.21 We get 

the following table for the E 2 term of the spectral sequence. 


q\p 

0 

1 


2 n -2 

0 

S * ®S 

n z A /(o) 


H ^/( cr ) 

-1 

Fr ori (s*,s ) 




-2 

FTor 2 { S *, S ) 









2 - 2 n 

Z ? or 2 n - 2 ( S *, S ) 





We show first that E^ZZ 2,9 = E 2n 2 ’ 9 , for all q. For j > 2, the differential of the spectral 
sequence is dj : E 2n ~ 2,q -A- E 2n ~^~ 1,q+ F The vanishing of the columns other than for p = 

0,1,2 n — 2 implies that E^ 12 ^ = E 2, ZZ 2 ’ q ■ The differential d 2 n -2 : E^Z 2 ’ 9 ~~t E^ q ZZ 2n2 
vanishes for all q. Indeed, for q = 2 — 2n the homomorphism is a section of 
which vanishes. For all other values of q the differential vanishes since its target vanishes. 
The above vanishing of dj : E p,q —> E p ~ q+1,q+ -\ for j > 2 and p > 2, implies also that 

Ehr 1 = El’- 1 and E l J = E\' 0 . 

The sheaves E™ vanish for p + q < 0, since Sxt p+q (S, S) vanishes for these values. Hence, 

: E^ q -> £°’ 9+2 

is injective for q < —2 and surjective for q < —2. In particular, the homomorphism 

d 2 : E\~ 2 = Q\^S*®S 

is injective and the sheaves dFor_ q (S *, S) are as claimed. □ 

Remark 4.5. Let fd : Y -a M x M be the blow-up centered along the diagonal. We claim 
that the sheaf fd*S has a non-trivial torsion subsheaf. This is seen as follows. The sheaf S* is 
isomorphic to /3*P, for a locally free sheaf V over Y, by |Ma5l Prop. 4.5]. S* <S> S has a non¬ 
trivial torsion subsheaf, by Proposition 14.41 (jlj) . On the other hand, S* <S> S = /3*(V <8> f3*E), 
by the projection formula. Hence, V <8> fd*E has a non-trivial torsion subsheaf. We conclude 
that so does fd*S , as claimed. 

5. A SIMPLE AND RIGID COMONAD IN D b (M X M ) 

5.1. ZF is simple and rigid. We keep the notation of section [T7T1 so (X,H) is a polarized 
A'3 surface, M := Mh(v) is a smooth and projective moduli space of IL-stable sheaves on X, 
of dimension 2 n, n > 2, % is a universal sheaf over X x M, <f>^ : D b (X) —>• D b (M,9 ) is the 
integral functor with kernel ZF, and 4% : D b (M,9 ) -A D b (X ) is its right adjoint. Consider 
the following object in D b (X x _1 ). 

V : = ®-k* x u x [2}. 
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Let 7 Tij be the projection from M X X X M onto the product of the 7-th and j-th factors. The 
kernel of the endo-functor L := '<& : D b (M, 9) D b (M, 9) is the object 

( 5 . 1 ) & = 7713 ^( 7712 ^( 8 ) 7723 ^) 

of D b (Al x M, 7r?0 _1 7r?;0). We prove in this section the following statement. 

Lemma 5.1. Assume that M = X M and % is the universal ideal sheaf or, more generally, 
that the morphism a of Theorem \1.1\ is an isomorphism. 

(1) The following isomorphisms hold: 

Hom(#, = C, 

Hom(jF, &[k\) = 0, 


for odd k. 

(2) More generally, Hom(jF, J^[k]) is isomorphic to 

j o • 1 

Tk ~ 2l (X) 


\ 1 T— 1 

?i =o 


HH K 
for all integers k. 


^n— 2 

3j =0 


HH^ c +2j+4—4n/^-\ 


©J+l 


Proof. Part (jTJ) : Note that the Hochschild cohomology HH l (X) := Homxxx(^A XJ ^A x [i]) 
vanishes for i < 0, for i > 4, and for odd i. Part (JT]) follows from part @ and the isomorphism 
HH°(X) := Rom XxX (0 Ax ,0Ax) = C. 

Part ([2|): Let <f>y : D b (X ) —> D b (M,6~ 1 ) be the integral functor with kernel X and let 
\fV : D b {M,9~ l ) -A- D b (X) be its right adjoint. We get the object 

Lif := 7713^ <g) 7724^. 

in D b (X xX x M x M, 77^~ 1 77|6»). Let 

T : D b {XxX) -> D 6 (MX M,77*0 _1 7720) 

be the integral functor with kernel XMfy and let L^ : D b (M x M, 77*0 _1 7r20) —> D b (X x X) 
be its right adjoint. Then is the integral transform with kernel 

77? UX ® 7T?Wx[ 4] = f 

Note that T is the cartesian product of the functors and <f>^. Similarly, T^ is the cartesian 
product of their right adjoints and 

Let be the object of D b (X x X) given in Equation (11.21) . We have the following isomor¬ 
phisms. 

(5.2) r(^ A j ^ 

Pr(^a m ) = 

The composition T: D b (X) —>• D b (X) has kernel srf. The kernel of the composition 
: D b (X ) —>• D b (X) is the pull-back of sX via the involution of X x X interchanging the 
two factors. sX is invariant under this pull-back, and so srf is the kernel of as well. We 

conclude that the composite endo-functor 

T^r : D b (X xX) —> D b (X x X) 

has kernel 7r? 3 .g/ ® 7r| 4 J2/ in D b {X x X x X x X). We get the following isomorphism. 

(5.3) r^r(^ Ax ) = sXosX. 
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The object si is isomorphic to G Ax <8>c A n , where X n is an object of D b (pt), by Theorem 12.21 
or by the assumption that a is an isomorphism. Hence, the endo-functor T^T is isomorphic 
to the functor of tensorization over C with the object (A n )® 2 of D^pt). Now 

(A n ) 02 = ©rr 0 1 (^ p t[-2i])® i+1 © ©”=o (^pt[2j + 4 — 4n]) 0,7+1 . 

We get the isomorphisms: 

Horn mxm(^,#]) = ttom M xM{T(G Ax ),T{G Ax )[k]) 

= Hom x x x ( G Ax , rJjT ( ) W ) 

— HomxxX {^A X 1 ^A x ©c (An) 02 [fe]) • 

Part ((2|) follows immediately from the isomorphisms above. □ 

5.2. S is simple and rigid. Let S be the sheaf cohomology where AX is the object 

of D b (M x M) given in Equation (15.11) . We get the exact triangle 

(5.4) S[ 1] G Am - 4 - S[2], 

where e is the morphism inducing the counit for the adjunction 4% H The following 

rigidity result is a crucial ingredient in the proof of Theorem 11.71 

Lemma 5.2. Assume that M = X M and i/ is the universal ideal sheaf. Then the sheaf S is 
simple and rigid. In other words, Horn (S,S) is one-dimensional and Ext 1 (S, S) vanishes. 

Proof. Step 1: The integral functor T^ : D b (M x M) —> D b (X x X) takes the exact triangle 
(|5.4p to the exact triangle 

( 5 . 5 ) r^(<f [i]) r ^f ) si o si ^ si r ^> ) T{j(^[l]), 

where si o si is the convolution and m := rjj(e) is the multiplication, by Equations (15.21) . 
(15.3p . and the proof of Lemma 1 5. 11 Now m has a right inverse given by 

si = si o G Ax -^4 si o si, 

where rj : 6 Ax -A- si induces the unit for the adjunction <f>^ H 4%. Thus, T^y) = 0 and 
the exact triangle ([5.511 splits. The left adjoint T^ of T is isomorphic to a shift of the right 
adjoint T^, since X and M have trivial canonical line bundles. We conclude that ^( 7 ) = 0. 
In particular, the homomorphism 

■ Hom(4(^),x) —► Hom(r4(^[l]),x) 

is surjective, for all objects x of D b (X x X). Take x = G Ax [k\, apply the adjunction H T, 
and use the isomorphism T(G Ax ) — to conclude that the homomorphism 

Hom(jF, lX\k}) -A- Hom(S [1], JX\k}) 

is surjective, for all k. We get the inequality 

(5.6) dimHom(<^[l], &\k\) < dimHom (JF, JF[&;]), 

for all k. 

Step 2: Apply the functor Hom((f,«) to the exact triangle (15.41) . We get the long exact 
sequence 

Hom(<f, G Am [k — 1]) —> Hom(<f, S[k + 1]) — > Hom(<?, &[k]) —> Hom(<f, G Am [A:]). 
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When k = —1, the first and fourth terms vanish and so Hom(is,^) —>• Hom^,J^"[— 1]) is 
an isomorphism. Now dim Horn (£, J^"[—1]) < dimHom(^', j^ - ), by the inequality (15.61) . and 
dimHomf^, = 1, by Lemma 15.II We conclude that dimHom^, £) = 1. 

When k = 0, the first term in the long exact sequence above vanishes. The third term 
vanishes, by the inequality (|5.6j) and the vanishing of Hom(^, j?"[l]) established in Lemma 
15.11 We conclude that Hom(<f, £[V\) =0. □ 

Assume that M = jW as above. Let E : D b (M) —>• D b (M) be the endo-functor with kernel 
£ in D b (M x M). Given a point m G M, denote by C m the corresponding sky-scraper sheaf. 
The following Lemma is used in |MM2] , 

Lemma 5.3. The homomorphism k : Hom(C m , C m [l]) —>• Hom(E(C m ), E(C m )[l]), induced by 
E, is surjective, for all m G M. 

Proof. The homomorphism k : Hom(€ m , C m [l]) -A Hom(L(C m ), L(<C m )[l]), induced by L, is 
an isomorphism, by Theorem 13.201 Set £ m := E(C m ) and := L(C m ). The exact triangle 

£[1] A & -A -A S[2] 

gives rise to the exact triangle 

C m [—1] -A £ m [ 1] A m —> C m . 

The pullback homomorphism (3^ : Hom^mj^fl]) -A Hom(<f m [l], J^ m [l]) is surjective, by 
an argument analogous to that in step 1 of the proof of Lemma 15.21 The kernel of the 
push-forward homomorphism /3 m ,* : Hom(<f m [l], £ m [2}) -A Hom(<^ m [l], J^ m [l]) is the image of 
Hom(<f m [l], C TO ) -A Hom(4n[l], £ m [2]). Now Hom(<? m [l], C m ) clearly vanishes. Hence, /3 m ,* is 
injective. 

Given an element f G Hom(€ m , C m [l]), we have the equality /3 m o E(£) = L(£) o f3 m , since 
the homomorphism of kernels induces a natural transformation /3 : E[1] -A L. We get the 
equality 

Pm °k = Pm,* ° « : Horn(€ m , C m [l]) -A- Horn(t? m [l], ^ m [l]). 

The homomorphism (3* m o k is surjective, being a composition of such. Thus, f3 m ,* ° re is 
surjective. Hence fi m ,* is an isomorphism. Thus, re is surjective. □ 

6. A DEFORMATION OF THE DERIVED CATEGORY D b (X) 

We prove Theorem 11.81 in this section. Although we talk of deforming categories, as will 
be seen presently, we shall only need to work with deformations of certain fixed objects and 
morphisms in a derived category. These are defined as follows. 

Definition 6.1. Let Y aS be a flat family of spaces (varieties or analytic spaces), and s a 
point of S. 

(1) A deformation of a perfect complex £ G D b (Y s ) is an 5-perfect complex £ G D b (Y ) 

together with an isomorphism <p : i*£ £, where i : Y s -A Y is the closed immersion. 

(2) Given a morphism f : £\ —> £? between perfect complexes and deformations (£i,ipi), 
a compatible deformation of f is a morphism / : §\ -A £2 such that / o yq = <p 2 ° i* f ■ 
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6.1. Deformability of LP. Denote by 911 a the moduli space parametrizing marked pairs 
(M, rj) consisting of a holomorphic symplectic manifold M, and an isometry 7/ : H 2 (M, Z) -A A. 
The moduli space 911a is constructed in [Hu2] . Let <j> : 911a — > 911a be the forgetful map given 
by (M,rj, 21) i-a (M, rf). Let 9H° be the connected component of 911a in Theorem 11.81 Let 
911° be the connected component containing c/>(911°). Then <j> : 911° -A 9H° is surjective, by 
|MM2I . Theorem 4.14], The following is the key result from [MM2] for the sequel; it is a direct 
consequence of Theorems 1.9(1), and 1.11(1), and Lemma 5.3 in that article. 


Theorem 6.2. Let X be a K3 surface with trivial Picard group. Then, the fiber of the 
morphism <j> : 911° -A 9H° over {X^ n \rf) consists of the single point (X^, 77 , 21 ) € 911°, where 
21 or 21* is the modular Azumaya algebra of the Hilbert scheme X^ (Def. \1.5\) . 

The following is an immediate corollary of Theorems 11.71 and 16.21 and the density of Hilbert 
schemes in 911° [MMlj . 

Corollary 6.3. The subset Hilb of 911°, given in Equation \1.11\) . consisting of triples (^^, 77 ,21) 
where X is a K 3 surface with a trivial Pic(X), is dense in 911° . For each such triple, 21 or 
21* is the modular Azumaya algebra over X x XN 

Let be the universal familj0 over the moduli space of marked pairs 9H°. Set Al° := 
x^o 911a- There exists a universal Azumaya algebra 21 over Xi° x ,~ 0 (see [ MM21 
Section 4]). 

Proposition 6.4. There exists a Zariski dense open subset U C 9H A , containing Hilb, a 
universal twisted sheaf over 

M 2 := (m° x^o M°) x^o u, 

satisfying <t>nd(£) = 21, and an extension 
( 6 . 1 ) 

of twisted sheaves over M 2 , where A4 := M° x^ 0 U, and Ajk is the image of A4 via the 

diagonal embedding A : A4 -A A4 2 . This extension is non-split along every fiber of the 
projection H : AA 2 ^ U. Let n : A4 3 -A U be the third fiber product of AA over U and 
n ij : M 3 -A M 2 , 1 < i < j < 3, the natural projections. The Brauer class 0 of £ satisfies 
the equality 

(6.2) nj; 2 (0)n^ 3 (0) = nj 3 (e). 

Consequently, both TP and the convolution 3P o TP are objects of D h {AA 2 , 0). 


Proof. Step 1: We show first that the Brauer class of 21 restricts as a trivial class to the 
diagonal A j^ 0 C A4° x^ 0 A4° over a Zariski dense open subset of 911° . Let fJ> 2 n -2 C C* be 
the group of roots of unity of order dividing 2n — 2. The exponential map 


exp 


2ni(») \ 
2n — 2 ) 


: Z -A P2n-2 


^While a universal family need not exist over the moduli space of marked pairs of a general class of holo¬ 
morphic symplectic manifolds, such a family does exist over 911® as manifolds of .KH^-type have no nontrivial 
automorphisms which act trivially on cohomology in degree 2. This follows for Hilbert schemes by a result of 
Beauvillc Ei2], and consequently also for their deformations by |HaTll Sec. 2], 
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factors through an isomorphism Z/(2 n — 2)Z = // 2n _ 2 ■ Given a marked pair (M, rf) in we 
get an isomorphism 

fj : H 2 (M x M, / u 2 n _ 2 )=>[A/(2n - 2)A ] 2 
induced by the marking rj. The component 9J1° comes with a coset 

(6.3) 0 = (M 2 ), 

with 0\ = —62 and 0* of order 2n —2 in A/(2n—2)A, such that the Brauer class of the Azumaya 
Algebra 21 of a triple (Af, 77 ,21) in this component is the image of fj~ 1 ( 6 ) in H 2 (M x Af, S’*), 
by construction I.MM21 Eq. (7.6)]. The Brauer class 0 of 21 in H 2 {M° Xxr . 0 Ad 0 , &*), having 

order 2n — 2, is the image of a topological class 0 in H 2 (M° x ^ 0 Ad°, ^ 2 „,_ 2 ). The restriction 
of 0 to the fibers M x M of the family over a marked pair ( M,r /) is rj~ l ( 6 ). 

Given an open analytic subset U' of , over which the differential fibration it : Ad° —>• 
restricts as a topologically trivial fibration, we get that the pullback A*0 of the Brauer class 
to M° is trivial over U', by the vanishing of 9\ + 0 2 mentioned above. 

There exists a 0-twisted sheaf S representing 21 for some Cech 2-cocycle 8 of S*~ —„ 

[ MM2„ Section 2]. Over the above open subset U', S restricts to the diagonal with a trivial 
Brauer class. Hence, we may adjust the pull-back A*(0) by a 2-coboundary, and adjust the 
gluing of A *S over U' to get an untwisted sheaf W. For every triple (X^- n \r], 21) in U', where 
Pic(A") is trivial, the restriction of 21 to x XN is the modular Azumaya algebra or its 
dual, by Theorem 16.21 and so W\ X [„] is isomorphic to L (g) [(A 2 T*X[ n ])/(^ > X M •ct)], for some 
line-bundle L, by Proposition 14.21 (use the isomorphism S* = t*S of Lemma 14.31 for the dual 
of the modular Azumaya algebra). Set W := f\ 2 T*/(L$ir*R°ir* A 2 T*). We conclude the 
isomorphism 

(6.4) Snd(yjS)^Snd(A*S), 

of Azumaya algebras over a Zariski dense open subset of U ', by the density of Hilbert schemes of 
I\ 3 surfaces with trivial Picard group fCorollary 16.31) and the upper-semi-continuity theorem. 
Both sides of the isomorphism (16.41) are defined globally over Ad°. Hence, the isomorphism 
holds over a Zariski dense open subset U" of containing the dense subset T-Lilb given in 
Equation (11.111) . 

The sheaf A *S is A*0-twisted. The left hand side of (16.41) is an Azumaya algebra with 
a trivial Brauer class. The isomorphism (16.41) implies that the cocycle A*0 is a coboundary 
over U", A*0 = 5{Q. 

Step 2: Let tt\ : A4° x <^ 0 A4° —> be the projection to the first factor. After a refinement 

of the open covering of x ^ 0 A4° we may change the gluing of S over U" via the cochain 

7 T^((), so that S is a twisted sheaf with respect to a new cocycle, denoted again by 0, which 
restricts to the trivial cocycle along the diagonal (with value 1 along every triple intersection). 
Then A *S is an untwisted coherent sheaf, which is isomorphic to W <S>SS, for some line bundle 
££ over the subset U" of 211° . 

Step 3: Let n : A4 —>• U" be the restriction of the universal family from to U". Denote 
by n : M. Xjjn M U" the projection from the fiber square. We show next that the relative 
homomorphism sheaf 

(6.5) 


:= JSomn{S'A M ,S\j]) 
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is a line bundle over a Zariski dense open subset U of U" containing Rilb for j = 2, and it 
vanishes over U for j = 0,1. This U would be also Zariski dense and open in Local 

Grothendieck-Verdier duality yields the isomorphism 


RMorn ^[i]) — RA* 


RMom(0M-> A 


Applying the functor i?(II)* on both sides, using the vanishing of &m for i > 0, we 

get the isomorphism 

(6.6) RMomn{@A M ,£\j]) = Rtt*(w* <g> LA* M £’[j - 2 n]). 


The relative dualizing sheaf of the morphism n is trivial along each fiber and is hence the 
pullback of a line bundle over U" . Thus, the sheaf t ^omn(^’a M1 ^[j]) is isomorphic to the 
0-th direct image of the complex LA^S’lj — 2n], tensored by a line bundle. For x € U", 
denote by S\ x the restriction of J 5 to the Cartesian square of the fiber over x. The function 
( t>j : U" —>• Z given by 

x i y dim(lH 0 (Ad. r , LA* Mx &\ x \j - 2n])) 

is upper semi-continuous by [ Hart! Prop. 6.4]. The value of fa on triples in Rilb is 1, by 
the calculation of the torsion sheaf Jor 2 n _ 2 (^,A t ^[„]) in Proposition 14.21 The set 'Hilb 
is dense in , by Corollary 16.31 It follows that 4> = 1 on a dense open subset U2 of U". 
The sheaf Jfomn(^A M , <^[2]) is a line bundle over C/ 2 , since U" is integral. The vanishing of 
FfOT 2 n -j(<?■ A*{f X [n \) in Proposition 14.21 for j < 2, implies the claimed vanishing of Mj over 
a Zariski dense subset Uj of U" containing T-Lilb, for j = 0,1. Set U := Uq n U\ n C/ 2 . 

Step 4: Set M := where M 2 is the line-bundle given in Equation (|6.5L The van¬ 
ishing of Mj, for j = 0,1, and a standard spectral sequence argument yield an isomorphism 
Hom(^’a M ,II*(Jf' 1 ) ® <a[2\) = H° (Momn(0A M > (M -1 ) <g> <a[2\j). The right hand space 

is H°(U, &u), by the projection formula and the definition of M. Choosing the constant 
section 1 of the latter we get a tautological extension 

iTpr- 1 ) ®g[l] -A -A G Am - 


Replacing the twisted sheaf £ by it* (M 1 ) ® £ we get the desired extension ()6.1D . 

Step 5: We prove in this step the equality m- Set r := 2n - 2. Let F p H k {M 2 ,^ r ) 
be the decreasing Leray filtration associated to the morphism II : A4 2 —>■ U. Set E™ := 
F p H p+q (Ai 2 , n r )/F p+1 H p+q (A4 2 , fi r ). We have the Leray spectral sequence converging to 
E™ with E 2 terms of the form E p,q : = H P (U, R q H*fj, r ) and differential c ?2 : E p ’ q —Y E p+2 ' q ~ 1 . 

The sheaf i?°II*/x r is the trivial local system /jl t and the sheaf R l H*n r vanishes, since the 
fibers of II are simply connected. The sheaf i? 2 LL/z r is the direct sum [A/rA]® 2 of two copies of 
the trivial local system [A/rA], since the markings provide such a trivialization. We conclude 
the following: 


7^2,0 

-^00 

= E 2’ 0 = H 2 (U, Hr) 

Eh 1 

= 0, 

E 0 / 

= E °’ 2 = [A/rA]® 2 , 

El’ 0 

= E^’ 0 = H 3 (U, 

E°J 

= ker (I3 : E®' 2 —> E 


3,0 

3 


The description of E implies that the homomorphism II* : H 2 (U, fi r ) —>• H 2 (Ai 2 , ^ r ) is injec¬ 
tive. The analogous description of the graded summands of the Leray filtrations of H 2 (M n , fj, r ) 
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0 2 

holds for the n-th fiber self-products A4 n , n > 1, where the is naturally a subgroup of 
[A/rA]® n . 

We have seen in Step 2 that 0 belongs to the kernel of A* : H 2 (M 2 , ff*) —> H 2 (M ., &*). 
We have seen, in addition, that there exists a lift 0 E H 2 (A4 2 ,fi r ) of 0. Next we normalize 
this lift so that it restricts trivially to the diagonal. The composition 

H 2 (M,fi r ) -> H 2 {M,fi r )/F 1 H 2 (M,fi r ) H°(U,R 2 ir^ r ) -> H°(U,R 2 it* 0* m ) 

maps the class A*(0) to the trivial class. The rightmost homomorphism is injective, since the 
Picard group of a generic fiber of it : M —» U is trivial. Consequently, the image of A*(0) 
in H°(U, R 2 ir*fi r ) is trivial and A*(0) belongs to E with respect to the Leray filtration 
of H 2 (M., p r ). Hence, there exists a class a in H 2 (U,fi r ), such that A*(0) = n*(a). The 
image of 7 r*(a) in H 2 (A4, G*) is trivial, since such is the image of A*(0). The image of n*(a) 
in H 2 (Xi 2 , &*) is trivial as well, since n factors through ir. Let (3 be the class 0n*(a _1 ) 
in H 2 (A4 2 , fi r ). Then A*(/3) is trivial in H 2 (A4,fi r ) and (3 maps to the Brauer class 0 in 
H 2 {M 2 ,G*). 

The E%£ graded summands of the Leray filtrations of H 2 (A4 n ,fi r ), n > 1, are all equal to 
H 2 {U,fi r ) and the E^ terms all vanish. Hence, the kernel of A* : H 2 (M 2 ,fi r ) —> H 2 (A4,fi r ) 
maps injectively into the quotient E^, which is naturally a subgroup of [A/rA]® 2 . Classes in 
the kernel map to classes of the form (—A, A). Choose a class A E A/rA, such that (3 maps 
to (—A, A). Similarly, the kernel of the pullback H 2 (M. 3 ,fi r ) —» H 2 (Xl, p r ), via the diagonal 
embedding, maps injectively into [A/rA]® 3 . The class nj 2 (/3)n23(/3)n][3(/3 -1 ) restricts trivially 
to the diagonal and maps to the class 

(—A, A, 0) + (0, —A, A) + (A, 0, —A) = (0,0,0) 

in [A/rA]® 3 . Hence, the class ni 2 (/ 3 )n 2 3 (/ 3 )n* 3 (/ 3 _1 ) is trivial in H 2 (M 3 ,fi r ). The latter- 
class maps to the class n 3 2 ( 0 )n 23 ( 0 )n^ 3 ( 0 ^ 1 ) in H 2 (Xi 3 ,G)*. Equality (16.21) follows. This 
completes the proof of Proposition 16.41 □ 

Remark 6.5. The description of the graded pieces of the Leray filtration of H 2 (M. 2 , fi r ) is Step 
5 of the proof above applies to the restriction M.y of M. 2 to a contractible open subset V of U. 
In that case we get that = H 2 (V,fi r ) vanishes as well, so does Et y, and H 2 (A4 2 ,,fi r ) = 
E S / 2 = [A/rA]® 2 . Similarly, H 2 (M.y,fi r ) — A/rA. Consequently, the restriction Qy of 0 to 
M.y is equal to ttKO -1 )^^) for some class 9 in H 2 {M.y,fi r ). Part[2]of Theorem 11.81 follows. 

Let A be a I\ 3 surface, M := X^ n \ and 5 : TX —>• 3&oTP the comultiplication of the comonad 
object (jl.lOD . Denote by 7 r^- : M x M x M —>• M x M the projection onto the ij -th factor. 
The adjunction 7733 H 7 Ti 3 „ yields the second isomorphism below. 

Hom(j£", 3& o TX) = Hom]^, 7ri3„ <S> ^ 23 ^"]) — Hom(ir* 3 ^, ® ir 23 ^)- 

Denote the image of 5 by 5 : 7 rf 3 j?" —> 7 r* 2 ,$^ ® We get the natural morphism 

7Ti 3a ,(^) : ^ 

where Y(Gm) € D b (pt ) is the Yoneda algebra of M. Composing 7 ri 3 t (< 5 ) with the morphism 
Ijr <S> i : 3? X n —>• 3P < 8 >c y () (see (12.51) 1 we get the natural morphism 

(6.7) m : 3? <8> A n —> 3^ o &. 

Lemma 6 . 6 . The morphism m, given in Equation s is an isomorphism, in the case where 
M is the Hilbert scheme X^ n \ the universal sheaf E D b (X x X ) is the ideal sheaf of the 
universal subscheme, and 3^ is the modular complex o ^ v [ 2 ]. 
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Proof. The morphism m is obtained from the sequence of morphisms () 2.5 ji 

A^.y <8>c \n -4 A*€? x <g> c Y{0m) Y{0 m ) ^4 

by pre-convolution with ^ v [2], and post-convolution with . Here we use the fact discussed 
at the end of Construction ED that for a morphism / : T —>• S, the monadic action of /*/* on 
objects of the form /*(5f) is compatible with the action of the algebra The statement 

then follows immediately from Theorem 12.21 Part (fT|). which says that the composition of the 
morphisms in the display above is an isomorphism. □ 

Let M and U be as in Theorem 11.81 and let Ai n denote the n-th hber self-product of Ai 
over U. The convolution P o P is defined relative to U, i.e., the tensor product is taken over 
A4 S . Let n : Ai 2 -A U be the natural morphism. 

Lemma 6.7. (1) The relative endomorphism sheaf Pfomu(P , P) is canonically isomor¬ 

phic to the structure sheaf over a dense open subset of U containing the locus TLilb of 
Corollary 1 6. .71 

(2) The relative homomorphism sheaves 

f Jfomnf.?,.? o P), and 

are both line bundles on a dense open subset of U. 

Proof. We shall consider only the sheaf o J^") of part ((2|). The other sheaves are 

shown to be line-bundles in the same way, and the sheaf clearly has a global 

non-vanishing identity section establishing its triviality. For y := (M, rj, 21) € U, denote the 
restriction P\ mxM more simply as TP y . When y belongs to TLilb, i.e., when M = X where 
X is a K3 surface with trivial Pic(A), we have 

& y ° P y — TP y © P y\ -2] © • • • © Py[“2 - 2 Tl] , 

by Theorem [©2] and Lemma f6.6l (note that when 21 is the dual of the modular Azumaya algebra 
P y is the pullback of the modular complex by the automorphism r of M x M interchanging 
the two factors, by lemma EH) . Furthermore, {P o P) y is isomorphic to P y o P y , by the 
base change theorem |Hartl Proposition 6.3]. The locus U' where the fiber-wise homorphisms 
Hom(^ s , P y oP y ) are one-dimensional is locally closed by semi-continuity [Hartl Proposition 
6.4], U' contains every y e TLilb, since Horn (P y ,P y [k]) vanishes for the modular P y of a 
Hilbert scheme and for k < 0, by Lemma 15.11 U' is a dense open subset of U, by Corollary 

EH □ 

We will denote again by U the open subset where the statement of Lemma 16.71 holds. 
Similarly, we will continue to denote the universal family by 7 t : Ai ^ U and its hber square 
by n : Ai 2 —» U. Denote the restriction to D b (Ai 2 ,@) of the extension constructed in 
Proposition 16.41 by the same symbol P. To define the structure of a monad object on P 
extending the modular one on the Hilbert schemes, we need to produce a counit e, and a 
comultiplication 6. The former structure map is in fact given by the very definition of P in 
triangle (16.11) : 



We shall presently produce the other, and verify that the structure maps satisfy the necessary 
compatibilities. 
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Any extension 5 : & —>• & o & of the comultiplication is required to give a section of the 
two morphisms 

, . Jo LP —and, 

that is, o e) o 5 = (to J)o <5 = 1 ^. Conversely, the morphisms (16.81) admit sections over 
a dense open subset of U extending the modular comultiplication; we shall call them di and 
# 2 , respectively. Indeed, consider the following pair of morphisms of sheaves over U obtained 
from (16.81) : 

_ _ _ J^o e _ _ 

& o ~ &) = &u 

?oj? 

These morphisms are isomorphisms over a dense open subset U° of U containing TLilb, by 
Corollary 16.31 and Lemma [5711 Define <5i and <5 2 to be the pre-images of 1-^. 

Proof of Theorem 0 HP- First suppose that there exists a comultiplication 5 X for !X\ x at 
some point x € U°. Then, 5i| x = 5 2 \ x = Ax since S x is the unique section of both morphisms 
in Equation (16.81) - by the discussion above. To complete the proof, first note that the equality 
<5 1 = 82 holds over U° by the fact that we have established it over a dense subset of it. Second, 
note that the coassociativity (11.61) and counit laws <H3D amount to equalities of two sections 
of the line bundles & o ^), respectively Jfomn(^, LF o LF o over U°. These 

equalities hold, again because they have been established for a dense subset of U°. Finally we 
rename U° as U. □ 

Remark 6 . 8 . Let II 13 : M 3 —» M 2 be the projection on the first and third factors. Let \ n be 
the object fitting in the exact triangle 

(6.9) \ n —> RU 13 ^ M s —> b > 2 n n 1 3 i 

in D b (A4 2 ), where the right morphism is well defined due to the vanishing of O for 

i > 2 n. The construction of the comultiplication 5 : & —>• LX o TP enables us to extend the 
isomorphism m in Equation 16.71 to a morphism 

(6.10) tn : & ®0 V X n —>• & o TP 

of objects over Xi 2 , which is an isomorphism over a dense open subset W of U containing 
TLilb, by Lemma 16.61 and the argument in the proof of Lemma 12.31 Again we rename W as U. 

Lemma 6.9. Let w := (M, 77 , 21) be a point of the open set W of Remark I (>. 81 where M = 
Mh{v) is isomorphic to a moduli space of H-stable sheaves over some K3 surfaces X, <t> w is 
the modular sheaf over M x M associated to a twisted universal sheaf 9/ over X x M h(v), 
and 21 is the modular Azumaya algebra S‘nd(S’ w ). Let srf be the monad object over X x X 
associated to %. Then the morphism a : X*&x <S>c A n —» srf, given in Equation 12.5\) . is an 
isomorphism as well. 

Proof. This follows from the fact that ffho is the image of a via the functor T, given in (15.21) . 
and the composition o T of T with its right adjoint admits the identity endo-functor of 
D b (X x X) as a direct summand, by Theorem 12.21 ([2]). Denote by E the endofunctor of 
D b (X x X), such that T^ R o T = t D b( X xX) © We have the equalities 

a © E(a) = (T^ o T)(a) = rjj(m w ) 
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Then a © X(a) is an isomorphism, since m w is. Hence, each of a and S(a) must be an 
isomorphism as well. □ 

6.2. The triangulated structure on the category of comodules. We give a proof of 
part [3] of Theorem 11.81 here, namely, that the category D b (My,8) lj constructed above carries 
a 2-triangulated structure. This amounts to verifying Balmer’s separability criterion [Ball] 
for the comonad L. We start by briefly recalling some of the necessary background. 

Let T : C —>• T> be a functor with left adjoint <F. We say that T is separable if the unit 
p : lx> —)• Td* has a natural retractiorU £ : 'L'k —>• Ig. 

An additive category C is said to be suspended if it is equipped with an auto-equivalence, 
called suspension, [1] : C —>• C (which, for simplicity, is considered an isomorphism, [1] _1 [1] = 
1 c = [1] [1]). For example, any triangulated category is a suspended category. A functor 
between suspended categories is called a suspended functor if it commutes with suspensions. 
In general, a property P of suspended categories or functors is stably P if its definition respects 
the suspended structures involved. Thus, a suspended functor <f> : V —>• C is stably separable if 
it is separable, and the splitting £ commutes with suspension. 

Let C be a category, and A = (A, e, 6 ) a comonad on C. Denote by C the category of 
comodules of A. The forgetful functor F : C -A C has a right adjoint, the free comodule 
functor, G : C -A C , which is defined as G(a) := (A a, 5 a ). It is easy to see that if C and A are 
suspended, then so is C , and the pair of functors F and G commute with suspension. 

Definition 6.10. A comonad A on a category C is said to be a separable comonad if there 
exists a natural retraction <5 : A 2 —>• A of the comultiplication 5 : A —>• A 2 such that 

(6.11) <5A o A5 = 6 o 6 = A6 o JA 

pan Def. 3.5]. If C is suspended, A is said to be stably separable if the various functors and 
natural morphisms in question respect the suspension. 

The following abridged form of Balmer’s Main Theorem [Ball] is all we need for our purposes 
here: 

Theorem 6.11 ([B all] . Theorem 5.17). Let C be an idempotent-complete category with a 
triangulation of order N > 2, and let A be a stably separable co-monad on C, such that 
A : C —>■ C is exact up to order N. Then, the category of A -comodules C admits a triangulation 
of order N such that, both the free comodule functor G : C C and the forgetful functor 
F : C -A C are exact up to order N. In fact, each of these properties characterizes the 
triangulation on the category C . 

Remark 6.12. Rather than go into the specifics of IV-triangulations, we simply observe what 
is relevant for us (see [Ball! Section 5]): A 2-triangulated category satisfies all the axioms of a 
triangulated category, except the octahedral axiom, while a 3-triangulated category is also a 
triangulated category in the sense of Verdier (but not vice-versa). In our intended application 
of the above result, C will be D b (My,0) L , the derived category of an abelian category, which, 
as such, is in fact canonically A r -triangulable for all N > 2 [Malt . Corollaire, p. 18]. While 
the comonad L is certainly 2-exact, it is not clear at all that it is IV-exact for this structure 
when N > 2. We expect this is to be true, at least over algebraic fibers A4 U of My, but are 
unable to prove this at the moment. 

^Recall that I is a retraction of y if it is a left inverse of y, i.e., if £77 : lx> —¥ 1 -d is the identity natural 
transformation. In this case g is a section of £. 
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Lemma 6.13. Let A := (A, e, 5) be a stable comonad on a suspended category C realized by a 
stable adjunction $ : T> C : T. If the functor 'k is stably separable, then the comonad A is 
stably separable. 

Proof. Note first that A := <£'!', e : A -A is the counit, and 5 = < h? 7 'L. The statement 
essentially follows from the proof in fBBWl §2.9]. We recall the easy details for the sake of 
completeness: Given a retraction £ of rj : tp -A \k<&, we obtain a retraction of 6 = by 
setting 6 = <k£\k. We will prove only the condition 5A o A5 = 5 o 5, as the other equality in 
(16.111) follows in exactly the same way. 

The equality <5Ao AS = So 5 translates to (<k£\k<k'k) o (<I>\k3>J7\k) = (‘k/y’k) o (<k£\k), which in 
turn would follow from (£\k<k) o = rj of. The latter states, for every object x of T>, the 

commutativity of the diagram: 

£* «(**))* 

x ---- (\k<F)(x), 

which follows from the naturality of £ for the arrows rj x . □ 


Proof of Theorem ll.ffO ). Fix a contractible Stein open subset V of U as in the statement of 
the Theorem. We shall work over V , but will continue to use the same notation as above for 
the restrictions of the various morphisms appearing in parts (jTJ) , and ([2]) of this result. 

To show that D b (My, 9) L carries a natural 2-triangulated structure as in the statement, it 

suffices to produce a retraction <5 : o#V — »■ of the comultiplication 5 : LRy -A 

by Theorem 16. Ill such that the following two diagrams commute: 

(6.12) of? - -- - ^1? W o W - -- - *■ W 






( < 5 oJ? 

S 

&ob 

' 


S?o 8 So& 

Consider the triangle (16.91) . The object i?ni 3 t 6 is canonically isomorphic to H*Rtt*0m v 
by base-change, where n and II are the structure morphisms My -A V and My -A V, 
respectively. As all extensions of line bundles vanish over V, this object is canonically split: 
ifflia. where Y(G Mv ) := ®i = 0 R 2 l Tr*&Mv Define 5 to be the 

composition JRy o LRy "^a LRy ® 0 V \ n —> &y, where in is given in Equation ()6.101) and the 

second arrow is induced by the splitting above. We first observe that with this definition of 5 , 
the diagrams (16.121) commute when restricted to points corresponding to Hilbert schemes with 
their modular complexes. Indeed, in this case, the morphism m is nothing but the morphism 
on kernels corresponding to the following retraction of the comultiplication 

T'k'F'k = A 2 —^A = A. 

Here ( < h,'F) is the adjoint pair <k : D b (X) D b (X t n l) : Vk realizing our comonad A, and 
£ : -A- t D b( X ) is the retraction of rj : 1 pb< X ) ’k’^ given by Thoerem 12.21 Part (pTJ). Thus 

(the restrictions of) the two diagrams ()6.12[) commute by Lemma 16.131 
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Consider the sheaf Jforan(^ o & & o J^"). It follows from Lemma [5.11 and semi-continuity 
[I lari . Proposition 6.4] that this sheaf is a vector bundle on a dense open subset of U containing 
'Hilb. As above, we denote this set by U also. The latter is the open subset of Theorem 11.81 
Set d = 6 o 5 — (J^V o S) o (<5 o J^V); we note that d x = 0 at points x € TLilb n V. Therefore, 
since this locus is dense, d = 0 on V. The commutativity of the left diagram above follows. 
The argument establishing the commutativity of the right diagram is similar. □ 

6.3. Monodromy invariance. We prove part [5] of Theorem 11.81 in this section. We first 
recall the monodromy action on the moduli space 9H a an d observe that the open subset U in 
Theorem 11.81 may be chosen to be monodromy invariant. We then use a density theorem of 
Verbitsky to deduce the stated property of U. 

The isometry group 0(A) acts on the moduli space of marked pairs 911 a as follows. An 
element g £ O(A) acts on a marked pair (M, rj) by g(M, rj) = (M, grj). Let 9H a be a connected 
component of 9 JTa of marked pairs of A3 [”1-type. Denote by G C 0(A) the subgroup which 
send 91l(( to itself. The subgroup G is related to the monodromy subgroup Mon?(M ) of the 
isometry group of the second integral cohomology a manifold M of A 3 M-type as follows. 
Given a pair ( M,g ) in 9H a , we have the equality 

G = go Mon 2 (M) o g~ 1 . 

Given an element u € A satisfying (u,u) = ±2, let R u be the reflection given by R. u (x) := 

_ 2{u.,x) g e £ 

{u,u) 

_ f Ru if (u, u ) = -2 
Pu ' \ -Ru if (u,u) = 2. 

The group G is the subgroup of O(A) generated by {p u : (u,u) = ±2}, by [Ma4l Theorem 
1.2]. There exists a character 

cov : G —>• Z/2Z 

satisfying co v(p u ) = | — 2 ^ ^ see a,: * ® eC- ^.l]). The unordered pair of cosets 

{6*i, —9\} in A/(2 n — 2)A, given in Equation (16.31) . is G-invariant and g(9\) = (—l) cov i 9 i0i, by 
|Ma5i Lemma 7.3]. Let 911^ be a connected component of 911 a containing a triple 2lo), 

fnl fnl 

where 2lo is the modular Azumaya algebra over the cartesian square Xq x Vq of the Hilbert 
scheme of a K2> surface X$. 

Theorem 6.14. (1) The G-action on 911a, given by 

g(M, n, 2t) = (M,g V M* cov(a)) ) 

maps the connected component 9H a to itself, where ^* cov(9) ) i s 21, if cov(g) = 0, and 
21*, ifcov(g) = 1. 

(2) The open subset U of 911° , in Theorem \ LSI may be chosen to be invariant with respect 
to the above action of G. 

Proof. [T]) This statement is a version of [MM2l Theorem 1.11] and its proof is included in the 
proof of that Theorem. 

[2]) All the properties that points of U were required to satisfy depend on the isomorphism 
class of the Azumaya algebra. Hence, U may be enlarged replacing it by the union of all 
translates g{U ), for all g in the kernel of cov. We may thus assume that U is ker(cov)- 
invariant. 
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Choose an element g E G with co v(g) = 1. The dense subset Hilb is G-invariant, by 
definition. Hence, 'Hilb is contained in U n g(U). The latter is G-invariant. □ 

Example 6.15. Let D C be the divisor of non-reduced subschemes, d € H 2 (X M,Z) the 
class of D, and Rd : H 2 (X^. 1) -a- H 2 {X^ n \T) the reflection given by Rd(x ) = x — 

Then Rd is a monodromy operator, by |Ma3l Cor. 1.8], and a Hodge isometry. We have 
co v(Rd) = 1, by [Ma3 . Lemma 4.10(4)] (Rd is the image of the duality operator v i-a v y via 
the homomorphism / in that Lemma). Let 21 be the modular Azumaya algebra over x IN 
and g a marking for X . Then the triples (X^ n \ g, 21 ) and (X^ ,gRd,%l*) belong to the same 
connected component and have the same period. Hence, the two triples are inseparable 
points in moduli. 

Proof of part [5| of Theorem ll.ffl U is a non-empty open G-invariant subset of 971®, by Theorem 
16.141 Hence, its image <j>(U) in 971^ is a G-invariant non-empty open subset. The main result 
of [Y3 j Theorem 4.11] states that the G-orbit of a marked hyperkahler manifold ( M,r]) with 
second Betti number 62 (M) > 5 and Picard rank < 62 (M) — 3 is dense in its connected 
component 97t)(. Hence, (j>(U) contains ( M,g ), for every marking 77 , such that ( M,r ]) belongs 
to the image 97t^ of 971^ in the moduli space of marked pairs. □ 

The following is a sufficient condition for a triple to belong to the open subset U mentioned 
in Theorem 11,81 

Lemma 6.16. The G-orbit of a point (M , g, 21) of 97l)( is dense in 951°, and is thus contained 
in the open subset U of Theorem \1.8\ suvvortina the deformation (^,e,S) of comonad objects, 
as well as in the open subset W of Remark 1 6. 8\ where the the square TX o TX is isomorphic to 
a direct sum of shifts of TX, provided the following conditions are satisfied. 

(1) The rank ofPic(M) is < 20. 

(2) The order of the Brauer class o/2l, which is the image in H 2 (M x M, 0*) of r/ _1 (9), 
is 2n — 2. Here 9 is the class given in K6.S\) . 

Proof. Condition (JT]) implies that the fiber 7 /, 21)) intersects U, by Theorem 11.81 (l5l). 

Condition ((SJ) implies that the fiber rj, 21)) consists of a single point. Indeed, the 

condition implies that the Azumaya algebra 21 / of a triple (M, rj, 2l r ) in this fiber is slope 
stable with respect to every Kahler class on M x M, by |Ma51 Prop. 7.8]. It follows that 21 is 
isomorphic to 2l 7 , by |MM2l Lemma 5.3]. □ 

Remark 6.17. Let X be a A"3 surface, v a primitive algebraic Mukai vector, and H a ^-generic 
polarization, such that the dimension of M := Mh(v ) is > 4. Denote by 21 the modular 
Azumaya algebra over M x M (Definition I1.5L There exists a marking g for M, such that 
(M,rj, 21) belongs to 971^, if and only if 21 is + vr^o; slope-stable, as an Azumaya algebra, 
with respect to some Kahler class oj on M. The above slope-stability of 21 with respect to 
every Kahler class on M is known when the order of the Brauer class of 21 is equal to the 
rank 2n — 2 of 21, by |Ma5l. Prop. 7.8], as well as when Pic(A) is trivial and v = (1, 0,1 — n) 
is the Mukai vector of the ideal sheaf of a length n subscheme, so that M = X^ n \ by jMa7] . 
Stability of the modular Azumaya algebra over X M x X^ with respect to some Kahler class 
on is known whenever the rank of Pic(A) is less than 20, by |Ma7| . Stability being a 
Zariski open condition, membership of (Mh(v), g, 21) in 971^ follows for the generic member of 
a family of such moduli spaces over an irreducible base, once known for some fiber. 



















INTEGRAL TRANSFORMS AND DEFORMATIONS 


59 


Corollary 6.18. Let X be a K 3 surface of Picard rank < 19, v a primitive algebraic Mukai 
vector, H a v-generic polarization, such that the dimension of Mjj(v) is > 4. Assume further 
that 

(6.13) gcd{(«,u) : u£H*(X, I) and c\{u) € H 1,1 (X)} = (v,v). 

Then the morphism a given in Equation H2.5\) is an isomorphism (so the monad object sF is 
totally split). 

Proof. The Picard rank of Mh(v ) is < 20. The order of the Brauer class of the modular 
Azumaya algebra 21 over Mh(v ) x Mh(v ) is equal to the left hand side of Equation (16.1311 . 
by [Ma5i Lemma 7.3]. The rank of the Azumaya algebra 21 is equal to the right hand side of 
Equation (16.131) . Thus 21 is slope-stable, as an Azumaya algebra, with respect to every Kaher 
class, by [M'a'h, Prop. 7.8]. Hence, there exists a marking rj, such that the triple 77 ,21) 

corresponds to a point in the open set U of Theorem 11.81 by Lemma 16.161 The assertion now 
follows from Lemma 16.91 □ 

6.4. A K 3 category. Let M be an irreducible holomorphic symplectic manifold of AT3^-type 
admitting a deformed comonad structure L := ( L,e ,6 ) constructed above. 

Proposition 6.19. The shift by [2] is a Serre functor for the category D b (M,9) L over a dense 
G-invariant open subset, containing TLilb, of the moduli space of triples. In other words, 
given objects a and b of D b (M,9) h , there exists a natural isomorphism 

(6.14) Hom(a,6p?Hom(6,a[2])*. 

Proof. Let L : D b (M,9 ) —> D b (M,9) L be the natural functor taking an object x of D b (M,9) 
to ( L(x),S x : L(x) -A- L 2 (x)). The full subcategory of D b (M,9) L with objects of the form 
L(x), for an object x of D b (M,9), will be denoted by D b (M,9) 1 f r . We consider first the 
case a,6 G D b (M,9) 1 f r , with a = L(x) and b = L(y) for objects x,y of D b {M). Denote by 
F : D b (M,9) L —> D b (M,9) the forgetful functor. Then L is the right adjoint of F. The right 
adjoint of the functor L is isomorphic to L[2n — 2] over the dense subset of the moduli space 
of triples consisting of Hilbert schemes, by Lemma 14.11 The kernel IF of the functor L has a 
one dimensional space Hom(^, F) if M is a Hilbert scheme, and so the set over which the 
isomorphism of Lemma 14.11 holds is a dense open subset. We omit the proof of the latter 
statement, which is similar to the proof of Lemma 16.71 followed by that of Lemma 12.31 Over 
this open set we get 

Horn (a;, FL(y)[2n— 2]) = Hom(s, L(y)[2n— 2]) = Hom(L(x),y) = Horn (FL(x),y) = Horn (L(x),L(y)), 

where the equalities above follow from the equality FL = L and the isomorphisms are due 
to the adjunctions L H L[2n — 2] and F H L. We conclude that L[2n — 2] is a left adjoint 
to the restriction F' : D b (M,9) J j r —> D b (M,9 ) of the forgetful functor F to the subcategory 
D b (M,9) L fr of D b {M,9) h . 

We get the bi-functorial isomorphisms 

(6.15) Horn (L(x), L(y)) = Horn (L(x),y) = Hom(y, L(x)[2n])* = Hom(L(y), L(x)[2])*. 

The first isomorphism is due to the adjunction F H L and the equality FL = L. The second is 
Serre Duality for D b (M , 9). The last is due to the adjunction L[2n—2] H F'. Thus, D b (M, 9)}f r 
is a K3 category. 
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Denote by a XtV : Hom(L(x), L(y)) —> Hom(L(y), L(x)[2])* the isomorphism given in Equa¬ 
tion (|6.15|) . Let e : L(w) —>• L(x) be a morphism. Bi-functoriality yields the commutative 
diagram 

Horn (L(x),L(y)) -Hom(L(y), L(x)[2})* 

e* (e*)* 

Hom(L(u>), L[y)) —^ Hom(L(y), L(w)[2])*, 

and the equality a w>y e* = (e*)*t7 X) y. Similarly, given a morphism / : L(y) —>• Z,(z), we get the 
analogous equality 

Vx,zf* = ( f*)*&x,y 

of homomorphisms from Hom(L(x), L(y)) to Hom(L(z), L(x)[2]). If w = x and y = z the two 
equalities above yield the equality 

(6.16) <T x ,y(e* /*) = ( e*)*(f*)*v x ,y 

The comonad category D b (M, 6 ) L is the idempotent completion of the category of free 
comodules D b (M,0) 1 j r . This follows from [Balll Prop. 2.10] and triangulated Barr-Beck 

[ MSI IE] (also see [Bal2j ). Objects of the idempotent completion are pairs (L(x), e), where e E 
Hom(L(x), L{x)) is an idempotent. A morphism in Hom((L(x), e), (L(y), /)) is a morphism 
g : L(x) —>• L(y) satisfying fg = g = ge. In other words, Hom((L(x), e), (L(y), /)) is the image 
of the idempotent endomorphism e*/* of Horn (L(x),L(y)). 

Set e\ := e*/*, e 2 '■= e*(l—/)*, e 3 := (1—e)*/*, and e 4 := (1—e)*(l—/)*■ These are commut¬ 
ing idempotent endomorphisms of Hom(L(x), L(y)) satisfying = 0, if i / j, and ]Tb =1 e* = 
1. Set er := (e*)*(/*)*, e 2 := (e*)*((l-/)*)*, e 3 := ((l-e)*)*(/*)*, e 4 := ((l-e)*)*((l-/)*)*. 
These are commuting idempotent endomorphisms of Hom(L(y), L(x)[2])* satisfying eiij = 0, 
if i / j, and ej = 1. We get the decomposition a X}V = ^ i=1 e 3 a xy ei. Equation 

(16.161) implies that (J x ^ y e l = eia X:V , 1 < i < 4 (note that the equation holds with e replaced 
by 1 — e or / replaced by 1 — /). Hence, eja Xty ei = 0, if i ^ j. Consequently, a x . y maps the 
image of e* isomorphically onto the image of e*, for 1 < i < 4. Considering the case i = 1 we 
conclude that ct X) 2/ maps Hom((L(x), e), (L(y), /)) = im(ei) isomorphically onto Im(ei). Now 
Im(e i) maps isomorphically onto Hom((L(y), /), (L(x)[2], e))* via the natural homomorphism 
Hom(L(y), L{x)[2])* —> Hom((L(y), /), (L(x)[2], e))*. We thus obtain the desired isomorphism 

(Ol . □ 


7. Comparison with Toda’s Category 

The first order deformations of the category of coherent sheaves Coh(S) on a smooth, 
projective variety S are parametrized by its degree 2 Hochschild cohomology HH 2 (S). This 
has an interesting interpretation via the HKR-isomorphism, 

I* : HT 2 (S) = H°(A 2 T s ) © H^Ts) 0 H 2 (0 S ) 4 HH 2 {S), 

namely, the general deformation may be understood as composed of non-commutative, com¬ 
plex and “gerby” parts corresponding to the three summands. 

Given a class ij E HT 2 (S), Toda gave an explicit construction ( [To] ) of the correspond¬ 
ing infinitesimal deformation Coh(S,r /): Let 770,2 be the component of rj in H 2 (ffs)- Then 
Coh(S,r 7 ) is the C[e]/(e 2 )-linear abelian category of ? 7 o, 2 -twisted coherent sheaves of modules 
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over a deformed “structure sheaf” of noncommutative C[e]/(e 2 )-algebras. Further, he 
proved that these deformations behave functorially under Fourier-Mukai transformations: 

Theorem 7.1 ( (To) ). Let S and Y be smooth, projective varieties, and suppose that there is 
a Fourier-Mukai equivalence <h : D b (S) —> D b (Y). If f : HH*(S) HH*(Y) is the induced 
map on cohomology, there is an equivalence : D b (Coh(S , 77 )) —>• D b {Coh(Y, (f>(rf))) such that 
the following diagram commutes (up to natural isomorphisms of functors): 


D b (S) —^ D b (Coh(S, 17 )) - > D~(S) 


$ 

D b (Y) 


D b (Coh(Y, (fir,))) 


$- 

D~(Y) 


The notation D refers to the derived category of bounded above complexes of coherent sheaves, 
while z* and i* stand for restriction and extension of scalars (see m Section 4]), respectively. 

In this section, M will denote a moduli space Mfj(v). Our goal is to prove that the category 
of comodules constructed in the previous section via deformations of M agrees infinitesimally 
with Toda’s category. In other words, for every direction in the 21-parameter space that & 
deforms, there is a class 77 € HT 2 (X) for our K3 surface X such that the comodule category 
over the dual numbers is exact equivalent to D b (Coh(X,rj)). This is Theorem 17.151 It is 
proven under the following assumption, which will remain in force sections H7.2I and U7.31 

Assumption 7.2. The moduli space M = Mjj(v) is a fine moduli space on an algebraic K 3 
surface X, supporting a universal family 9/, such that the kernel ^7 v [2]o^ is totally-split (as 
in Definition 1,9. II) . Further, there exists a triple (M, 77 ,21) € 971^ such that 21 is the modular 
Azumaya algebra of the moduli space Mu(v) (see Remark \6.17\ ). 

Remark 7.3. The assumption of algebraicity on X is in order to use the results of |Toj . which 
are stated in the context of smooth and projective varieties. One expects these results to hold 
over proper analytic manifolds also, but this generalization does not appear in the literature. 

7.1. Hochschild cohomology and deformations. Let $ : D b (S) —>• D b (Y') be a Fourier- 
Mukai equivalence; write & € D b (S x Y) for its kernel and =2 € D b (Y r x S ) for that of its 
inverse. We have an isomorphism </> : HH l (S ) —>• HH l (Y ) defined as 

(7.1) s ^4 G As [*]) 1 ^ (^ Ay = 0>oG As o£ & O ^ As [*] O J2 = [»]) 

In particular, for 7 = 2, this defines a bijective correspondence between the infinitesimal 
deformations of Coh(S) and those of Coh(Y r ). Note, however, that this makes use of the fact 
that $ is invertible. In fact, one does not have functoriality for Hochschild cohomology under 
general integral transforms. 

For later use, we state a criterion of Toda and Lowen for when an object in the derived 
category can be deformed to first order. First recall the construction of the Atiyah class 
a(&) € Hom(£^,^ <g> f2s[l]) for any object £ D b (S ): Regarding the sequence 

0 -» J^ As / J\ s — > 0sxs/^ a s —■► ^A s —> 0 

as a sequence of Fourier-Mukai kernels, and taking integral transforms of <£ accordingly, we 
obtain the triangle 

(7.2) <S <g> Lis a- 7r 2 ,*(7r?(S?) <8> & S xs/^l s ) -> ^ ■ 

Then, a(5f) is the extension class of (17.21) . 
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Theorem 7.4. ([To. Prop. 6.1]; [Lol Thm. 1.1]) Let E D b (S ) and u E HT 2 (S). There 
exists a perfect object Sf i E D b (S,u ) such that i =<£ if and only if u ■ exp a(Sf) = 0 in 
Hom(Sf,Sf[2]). 

Here expa(Sf) = ^]a*(Sf), the summand a*(Sf) E Hom(^, ^ < 8 ) 11*[i]) being the i-fold compo¬ 
sition of a (If) with itself, followed by anti-symmetrization. 

Remark 7.5. The sufficiency of the vanishing of u-exp a(Sf) for the deformability of Sf was first 
proven by Toda, op. cit.. The necessity of this condition in this criterion follows from Lowen’s 
work, who proved that the obstruction to the deformability of Sf is precisely the image of u 
under the characteristic morphism: 

HH 2 (S) ^ HomsifS^i 2]). 

Regard the elements of HH 2 (S ) as natural transformations between the functors and 

[2]. Evaluating them on Sf defines x&- The statement of the criterion can then be deduced 
from the commutativity of the following diagram (see [C3l Proposition 4.5]): 

// /-(.S') Hom 5 (Sf,Sf[2]). 

i* 

HH 2 (S ) 

Remark 7.6. Theorem 17.41 is the main component of the proof Theorem 17.11 Using it, [To] 
proves that that the kernel of the Fourier-Makai transform $ : D b (S) —>• D b (Y ) deforms to 
the derived category of the first-order deformation of Coh(S x Y) in the direction Pg(—fj) + 
Pyi^iv))- Here (I) denotes the action of transposition of factors on Hochschild cohomology. 

Example 7.7. The identity functor D b (S) —>• D b (S ) is interesting in light of Theorem 17. II Its 
kernel G/\ must deform along every direction p\(—fj) + P^iv) by Remark 17.61 It is possible 
to explicitly define a canonical deformation, the “structure sheaf of the deformed diagonal” 
In keeping with the following sections, rather than 77, we prefer to work with its image 
u = I 2 {rj) E HT 2 (S ) under the HKR isomorphism. Also, we assume that u = ( 7 , 0 , 0 ), with 
7 E H°(/\ 2 TM), which is the only somewhat subtle case. 

The theory of quasi-coherent sheaves on first-order noncommutative deformations mirrors 
that for schemes [To! §3,4], In particular, over any affine U, such a sheaf is determined 
by its sections ^#(?7), and its sections over a principal affine Uf are precisely the localization 
JK(U) f [Tol Lemma 3.1, Def. 4.1]. 

Fix an ample line bundle «£? on 5; for any section / E T(5,«Sf n ), n E Z, let Sf be the 
affine open where / does not vanish. Consider the affine open covering c £' of S given by 
{Sf : f E r(£,«£?**), n E Z}. Note that is closed under intersection, and that given any 
two elements of C G', their intersection is a principal affine in each of them. Consider the affine 
open covering Y? := {U x V : U, V E C S"} of S x S. 

Let D stand for the dual numbers over C. Denote the class — 7 * 1 ( 7 ) + 7*27 by —7 EH 7 . Note 
that given U x V E “if, x V) = Gg^fU) < 8 >d Gg(V). For each U x V E let srfuxV 

be the D-ffat coherent module whose sections over (U x V) are Gg(U D V). The right 

^ 7 ([/) < 8 >d ^ 5 (U)-module structure of Gg(UnV) is given by restriction to U x V, followed by 
left and right multiplication in the ring Gg(U nk). We claim that the coherent sheaves £#uxv 
glue to give a coherent sheaf G-^ over S x S. It suffices to check that for any U x V E < G I , 
and principal affine subsets U g C U, Vh C V, there is a canonical identification between the 
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modules £/uxv(U g x 14) and Ma,x v h (Ug x 14). The former is the localization with respect 
to the left &g(U n V), right 4g(f7 n V) bimodule structure, €?g(U n V)g®h- The latter is 
&g{U fl V) g h, the localization being with respect to the right &g(U n H)-module structure. 
Given any two local sections a, b of Gg < 8 >c D, a * 1 b = b *_ 7 a, so these two localizations are 
equal. 

7.2. A map on tangent spaces. We wish to compare the Hochschild cohomologies of X and 
Mh(v ), but as the functor : D b (X) —>• D b (MH(v) is not an equivalence, we do not a priori 
have a homomorphism <j> : HH*(X ) —>• HH*(M). Nevertheless, the natural construction (17. ip 
can be modified to give a workable map between the degree 2 components of these groups: 

Construction 7.8. Write Y € D b (M x X) for Y v [2], the kernel of the adjoint to 4%. As in 
m, given rj € HH 2 (X), one obtains a map: 

^=fo^ ix of o 4 Ax [2] o Y = &[2]. 

Applying the functor Hom M 2 /„)( _ , ^i M [2]) to the triangle 4[1] -A -A 4 a m , we obtain the 
sequence 

Horn((?, 4 Aj J ->• Hom(^A M , 4 Am [ 2]) ^ Hom(J", 4 a m [ 2]) ->• Hom(4, 4 a m [1]). 

The first and last groups are (0). Assuming this for the moment, set cj) HH ( 77 ) to be the unique 
lift of e[2](%forjoY) € Hom^f 2 („)(#’, 4a m [ 2]) in Horn ( 4 a M , 4a m [ 2]). This defines the desired 
map 

(7.3) </> HH : HH 2 (X) -> HH 2 (M). 

We prove the claim using the spectral sequence 

E™ = HomP(W-«(A^^), 4 m ) =* Hom^(4, 4 Am ) 

and Proposition l4.21 Observe that J^ _ 1 (A^((f) ,4 m) — 4^ or \{$, 4a m ) vanishes by the latter 
result. Hence, vanishes. The question reduces to proving the vanishing of the terms 

E%° := Horn l M (CL 2 M /ff M ■ o, 4m) 

for i = 0,1. This follows from the facts that the sheaf (H| 7 /4m ■ <r) is a self-dual direct 
summand of Q 2 M , and that H 1 (Q 2 m /£>‘m ■ <r) vanishes for i = 0, 1 . 

We can say this slightly differently: There are natural maps 

(7.4) HH 2 {X) ^Rom XxM (W,W[2}) ^HH 2 (M), 

the left map is an injection, while the right is an isomoprhism. The map (j) HH is the one 
obtained by composing the first with the inverse of the second. 

Hochschild homology is naturally a module over Hochschild cohomology, the action being 
composition. This structure gives rise to the homomorphisms 

rn x : HH 2 (X) -A Rom(HH 0 (X), M_ 2 (I)) 
m M ■ HH 2 (M) -> Rom(HH 0 (M),HH_ 2 (M)). 

We note that rrix is an isomorphism and mu is injective. By functoriality of Hochschild 
homology, we also have the maps 

4>* := : HHJX) -A and 

:= : HHJM) -a HH*(X). 

The map (j> HH intertwines the Hochschild module structures via <f>* and \k* : 
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Lemma 7.9. The following diagram is commutative for every A € HH 2 (X). 

™m(4> HH W) 






HHi(X) 


rn x (A) 




4 ', 


■HHi- 2 (X) 


4 >* 


HHi- 2 (M) 


Proof. Let Ax be a class in HH 2 (X) and A m a class in HH 2 (M ) satisfying the equality 
% o X x = A m ° % in Horrix xm(% X?/ [2]). Then the following diagram commutes 


HH t (X) > HHi(M) 


m x ( Ax) 


®m(Am) 


HHi- 2 (X) — H H t _ 2 (M), 


by the proof of [AT, Prop. 6.1]. The above statement holds and its proof applies without 
the assumption that the right map in diagram (|7.4I) is an isomorphism. The statement thus 
applies also to the functor Apply the statement with Ax = A and A m = 4> HH (X) to verify 
the commutativity of both squares in the statement of the Lemma. □ 

The endomorphism of HH*(M) is self-adjoint with respect to the Mukai pairing. It 

satisfies (‘h*’!'*) 2 = n<I>*\k*. Indeed, the kernel of ° '1% is the direct sum 2 z] by 

Assumption 1 7. 21 and (x)) = x©x[—2]®- ■ -®a:[2—2n] for any object x in D b (X). Hence, 

is multiplication by n. The subspace Im(<h*) is the eigenspace of <k*\k* with eigenvalue 
n and the subspace ker(*k*) is the eigenspace with eigenvalue 0. We get the orthogonal direct 
sum decomposition 

HH*(M) = Im(<h*)©ker(T*). 

Let E be an H-stable sheaf on X with Mukai vector v € HH$(X). Let a € HHq(M) be 
the Mukai vector of 2]) and let fd € HHq(M) be the Mukai vector of the sky-scraper 

sheaf of a point. Given a subset E of HHq(M), denote by ann(E) the subspace of HH 2 (M ) 
consisting of classes £, such that utm(£)(c) = 0) for all c € E. We use the analogous notation 
for subsets of HHq(X). 

Lemma 7.10. (1) The image of <f HH is equal to the subspace of HH 2 (M) consisting of 

classes £, such that commutes with <f>*\k*. 

(2) The following equality of sub spaces of HH 2 (M) holds: 

(7.5) 4> HH ( ann(u v )) = ann { a ,/ 3 }. 

(3) The normalized HKR isomorphism maps the subspace (ann(w v )) of HH 2 (M) into 
the direct sum H l (TM) © H 2 (&m) in HT 2 (M). The image is equal to the subspace 

(7.6) U:={(£,0) : £eH\TM), 6 £ H 2 {ff M ), and £ • Ci (a) + (2 - 2n)6 = 0}. 

Proof. (P) <£*4© commutes with W), for all A £ HH 2 (X), by Lemma ITAfl We know 

that (f HH is injective and that its image has codimension 1. Hence it remains to exhibit classes 
£ of HH 2 (M ), which do not commute with <k*\k*. 

maps the sky-scraper sheaf of the point [E] corresponding to the isomorphism class of 
the sheaf E to the object i? v [2] in D b (X). Let e be the class of L’ v [2] in HHq(X). Then 
a = <k*(e), Ik* (a) = ne, and \k*(/3) = e. Hence, 

T*(a — n(3 ) = 0. 
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The class c\{a) does not vanish | TMa5 1 Lemma 7.2], Hence, there exists a class £ of H 1 (TM), 
such that £ • c\[a) is a non-zero class in H 2 (M, 0m) C iTTl_ 2 (M). Considering £ as a class 
in HH 2 (M), via the HKR isomorphism, then £ belongs to arm(/3), but it does not belong to 
arin(a). Hence, rriM (£)(« — n/3) / 0. Assume that mAf(£) commutes with <F*'F*. Then Im(<f>*) 
and ker(T *) are invariant with respect to toa/(£). In addition, we have 

m M (£,)(a - n/3 ) = m M (£)(a) 

The left hand side belongs to ker(T*), since a — n/3 does, and the right hand side belongs 
to the image of <h*, since a does. Hence, mM(£)(a) vanishes and £ belongs to arm (a). A 
contradiction. Hence, mjvf(£) does not commute with 

© Let A G HH 2 (X) be a class, such that tp HH (\) belongs to ann(/3). Then (f> HH ( A) 
commutes with and so d> HH (X) belongs also to ann(a), as shown in the proof of part 

©• Hence, the intersection nann(/3) is contained ann{a,/3}. Note that both ann(/3) 

and are hyperplanes in HH 2 (M). We have seen above that ann(/3) is not contained 

in ann(a). We conclude the equality 

(7.7) (~l ann(/3) = annja, j3}. 

Furthermore, the hyperplanes Imand ann(/3) are distinct and ann{o;, (3} has codimen¬ 
sion 2 in HH 2 (M). The equality 

4 > HH = Im(<|!i™) n ann(a), 

follows from the commutativity of the right square in Lemma 17.91 and the injectivity of <h*. 
Hence, if ann(a) is a hyperplane in HH 2 (M), then the hyperplanes ann(a) and Imare 
distinct. We conclude that either aim (a) is contained in ann(/3), or ann(a) is a hyperplane 
and the three hyperplanes ann(a), ann(^), and Imare distinct. 

If H\, Ho , H 3 are three distinct hyperplanes in a vector space, such that Hi n H 2 and 
Ho n H 3 are equal to the same subspace W, then H\ n H 3 = W. The equality 

Im (4> HH ) H ann(a) = annja, f3} 

thus follows from (|7.7h . The above equality is clear if ann(a) is contained in ann(/3). The 
equality (17.51) follows from the last two displayed equalities. 

© The HKR isomorphism maps ann(a) into the hyperplane in HT 2 (M), consisting of 
classes ( 7 r,£,0), it G 77°(A 2 TM),£ G H l (TM ), 8 G H 2 (^m), satisfying 

7T • «2 + £ • ci (ck) + (2 — 2 n)9 = 0, 

where «2 is the graded summand in H 2 (£l 2 M ) of the image via the HKR isomorphism of the 
Mukai vector a, since the rank of a is 2 — 2 n. Indeed the latter hyperplane is the kernel of the 
composition HT 2 (M ) —>• HH^iXI) —>• H 2 (^m) of pairing with a followed by projection on 
the direct summand H 2 (@m)- (We are using here the proof of Calduraru’s conjecture about 
the isomorphism of harmonic and Hochschild strucures |CRVdB] .) The HKR isomorphism 
maps ann(/3) onto the direct sum H l (M,TM) 0 H 2 {M,^m)- The statement now follows 
from part ©. □ 

7.3. The comparison. Given u G HT 2 (X), it will be convenient to adopt the simpler no¬ 
tation D b (X,u ) for the deformed category D b (Coh(X,u))\ a similar notation is used for 
the corresponding categories on M. Let cj) T : HT 2 (X) —>• HT 2 (M) denote the conjugate 
(l)^) -1 o (f> HH o fjr. Also let I : HT*(X) —> HT*(X) be the operation which on a homoge¬ 
neous t G H p (/\ q Tx) is defined as t := (—1 ) q t. For u G HT*(X), and w G HT 2 (M), the class 
7 t* x u + 7T * M w G HT 2 (X x M ) will be denoted by u EEI w, the same notation will be followed for 
the other Cartesian products, such as M x M, that appear. 
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Lemma 7.11. Let u € HT 2 (X), and w = 4> T (u) € HT 2 (M). There is a perfect object 
f i £ x M, —u EE w) whose derived restriction i*(%f i) is isomorphic to . 

Proof. By Theorem 17.41 it suffices to show that the degree 2 piece of (—u EE w) ■ expa(^) is 
0. We repeat Toda’s calculation of this obstruction in our setting. According to [Tol Lemma 
5.8] (see Remark 17.121 below), the following diagrams commute: 

HT*(X x M) X ^i // kom3 fxM (^,^) 

K*X Wo 

HT*(X )---- HH*(X) 

T * I x 

HT*(X x M) X ^S*\lom* XxM (ty,&) 

n M °W 

HT*(M) ---^ HH*(M) 

IM 

The symbol r* in the hrst diagram is the involution of HH*(X ) arising from the interchange of 
the factors of X x X. One sees that r*I x (t) = I x {t) (see the discussion preceding Proposition 
6.1 of }To | ). so that 

(—7 t* x u + 7 t* m w) ■ exp a(f &) = o t*I x (u) + o 

(7.8) = -<% o I\(u) + (cf HH (I* x (u))) o <20 

The description (17.411 of the map <f HH yields that <f HH (I x (u)) o ty/ = o I x (u). The result 
follows immediately. □ 

Remark 7.12. Although it is assumed everywhere in Tol that the fuctor is an equivalence, 
Lemma 5.8 of that article holds without this requirement. Indeed, Toda only works with the 
compositions exp a($/)x and expa(^)jvf rather than the morphisms exp(a)J and exp(a)j^ 
(see p. 212 , op. cit .), and while the latter morphisms may not exist without the assumption 
that <3?^ is an equivalence, the former always do. 

Let ^yx’m be the deformed structure sheaf of the product X x Mjj(v ), and write X\ for 
^xx’m)[ 2]' Note that derived dualization is defined on the full subcategory 
of perfect complexes of D b (X x M,—u EE w), and sends it into the subcategory of perfect 
complexes of D b (M x X, —w E3 u): 

R,X?om*{ _ , ^yx’m) • ^perf(^ x — ^ ® w ) -^perf(^ x X, — w 51 u) 

The functors corresponding to restriction and extension of scalars between various categories 
will be simply denoted A and i*, without reference to the underlying spaces. 

Consider the convolution ^i o Y\ € D b (M x M,—wSlw). Lemma A.5 of [MSM] implies that 
i* ( 6 2 /1 o y i) = . We conclude that & deforms along the direction —w fflw £ HT 2 (M x M), 

w = <f T {u ), for any u € HT 2 (X). Denote this infinitesimal deformation o Xi by & u . 

The object & is the restriction to a fiber of the family & constructed in < 36.1l bv Assumtion 
EH that is, there exists a triple (M, 77 ,21) € U C such that LX = J^j mxM- Given a class 
£ E H l (TM), let denote the first-order infinitesimal defomation of M in the direction of 
£. Let be the restriction of & to the fiber square of over the length 2 subscheme 
of detrmined by £. 
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Lemma 7.13. (1) Let f E H 1 (TM). The infinitesimal deformation &j is an object 

of the derived category D b (M x M,—w E0 w), where w = (0, £,0) is a c/ass in f/ie 
subspace 13 C HT 2 (M) defined in Lemma [7. 1 0\ (0). 

(2) Write u for the class (0 r ) - 1 (u>) E HT 2 (X). There is an isomorphism TP u = TPf. 

Proof. © Fix a point [ E ] E M. The restriction <P\mx{[e]} is isomorphic to 4%(E V [2]). 
Making use of the fact proven in Lemma 14.11 that t* TP = J^" v [2], we see that the Chern 
character of TP has the form: 

ch(TP) = (2 — 2n) + (— 7 r*(ci(a)) + 712 ( 01 ( 0 :))) + ch. 2 (TP) + • • • € 

The product (—w EE3 w) ■ ch{JP) in tt\{H 2 (0m)) © ^(H 2 (^m)) — F 2 (% x m) vanishes if and 
only if w E 13. This product is nothing but the trace of the obstruction class (—w EB w) ■ 
expa(J^) E Hom(J',^"[2]) [Huh, 10.1.6]. As ,P deforms, Theorem 17.41 implies that this class 
must indeed vanish, which completes the proof. 

@ This should follow immediately from the infinitesimal rigidity of ,P from known result^. 
However, we were not able to locate a precise reference, so we sketch a short argument specific 
to our case. Consider the object TP U . Being a deformation of an object with cohomology 
sheaves in degrees contained in the interval [- 1 , 0 ], it is perfect with cohomology in degrees 
contained in [-1,0]. So, TL () {^P U ) is perfect, hence flat over the dual numbers; using the ob¬ 
servation of the previous sentence again, we get that LL^ l {^P u ) is flat over the dual numbers. 
Therefore, 

i*(n°CP' u )) - («V K)) = 

Similarly, i* (77 _1 {TP u )) = S’. The (twisted) sheaves &and S are infinitesimally rigid 
(see Lemma [©21) . This implies that TL°(Jp' u ) = and 'H~ 1 (^’^ t ) = S^, where S^ is the 

restriction of S to Xi 2 [MM21 Lemma 4.11]. It follows that the object ,P U is an extension 
of &by ^[1]. Step 3 of Proposition 16.41 savs that, up to scalars, there is a unique such 
extension. The claimed isomorphism follows from this. □ 

Lemma 7.14. The functor : D b (M,w ) —> D b (X,u ) is right adjoint to the functor 4?^ : 
D b (X,u ) —>• D b (Mii(v),w). Moreover, the unit rj : 1 D b (x,u) °f ^his adjunction 

is split, that is, there exits a natural transformation ( : 47^4?^ —>• ^-r> h (x,u) such that (r] = 

^D b (X,u)- 

Proof. The exact sequence 0 —>• € —>• €[e]/(e 2 ) —> C —>• 0 yields the triangle 
(7.9) iJ*P 1 otjAfiot^ i*i*V 1 o Wi 

where li ofi E D b (X x X,—u EH u) is the convolution of ’V 1 with %We have the 
isomorphism i*i*P 1 ofy\= ipV o ty/ by base-change [MSMl Lemma A.5]. 

Write € D b (X x X , —u EH u) for the structure sheaf of the diagonal. This is defined 
above when the gerby part 9 E H 2 (&x) of u is 0. In general, set with the 

^“® u - m °d u l e structure defined in Example 17.71 This makes sense as a (—#EB#)-twisted sheaf 
because the class (—9 EH 9) restricts to the trivial class along the diagonal in 5x5. 

®One possible approach might be by combining ILiebll Theorem 3.1.1] and ILieb2l Prop. 2.2.4.9]. The 
former studies deformation theory for complexes, the latter for twisted sheaves; however, only the algebraic 
situation is considered. 
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Consider the following sequence arising from applying the functor Hornet (xxX -Wu) (^ 7 \ > - 
to Q: 

0 —> Hom X 2 (^a x ) y ° *%) —> HornD f '(x 2 ,_ufflu)(^ > A Jf ’ ^ 1 ° ^i) Hom V 2(^A X j^ o *%) —> 0 
As y o = ® ”r o 1 [—2?i], we see that 

Hom X 2(^ Ax ,^ o <%) =* C, Hom. Y 2(^ Ax , ^ o ^[1]) = HH\X) = (0), 

from which it follows that the sequence above is exact. Let rji : —>• be a 

lift of the unit ij. We claim that rj\ is the unit of an adjunction H . Indeed, let 
&/, 38 G D b {X x X, —u El u), and denote their derived restrictions to D~(X x A') by si ,38, 
respectively. Consider the commuting diagram: 

Hom($|r 1 ^', i*38) ->- Hom(d>^ i si, 38) - 9 - Homff^^, i*38) 


Hom('h^ j d^.6/, ^y_i*38) 
- °m 

Hom(si, ’fy-y^i^SS) - 


Hom(% i %y, 38 ) 

- orjT 

— 9 . Horn (. 5 /, ’ly^)- 


Homjf^ ^y_i*38) 

- °m 

—9- ¥Lom(si, ^ Ti u38) 


The first and third columns can be identified with the composition 

Honij^ (<I% si, 38) —> Hom A -2 ($!y^y38) "-a 7 Hom Y 2 (^, ^y38) 

by flat base-change and the adjunction i* H i*, which is clearly an isomorphism. It now follows 
by Proposition 1.1 of [Ha-RD] that the composition of the arrows in the central column is an 
isomorphism. As this isomorphism is bi-functorial in si and 38, the claim is proved. 

Let 'Hi be the cone of the map 7/j : 

(7.10) ff^ x ^ r, °W, ^H,. 

As above, we can compute the extension group Hom D i,( Y 2 ^ffl u )(Ili, @~E X W\) by applying the 
functor Hom D i ,^2 _„ au )(Hi, _ ) to the triangle i*^A x ->■ i *^' A x and chasing the 

resulting long exact sequence. Using the fact that Hom_ x - 2 ('Hi,**^A JC [l.]) C HH odd (X) = (0), 
the result is that this group is (0). In particular, triangle (17.101) is split, from which the second 
statement of the lemma follows immediately. □ 

Fix u G (l\)~ l (ann(v y )), and set w = f T {u) € HT 2 (M); the class w has the form (O,£,0) 
by Lemma 17.101 As above, let & ^ the restriction of 3P to Ad|. Note that 3P together with 
the structure maps ei and 5\, dehnes a comonad (Li,ei,<5i) on D b (M,w) by Theorem 11.81 

Theorem 7.15. (Theorem \1.9 1 (Q | )) There is an exact equivalence of triangulated categories 
between D b {X,u) and the category of comodules D b (M,w) Ll . 

Proof. Let ^1 be the deformation of corresponding to the class —u El w constructed in 
Lemma 17.111 Denote the comonad arising from the adjoint pair H by (L\,e\,S[). 
The unit rj : &y> b (x,u) ^i 7 1 ®Wi s Pbt by the previous lemma. Therefore, the categories 

D b (M , iu) Ll and D b (X, u) are equivalent by the Barr-Beck Theorem for triangulated categories 
mmm a!2j . which says that for a split adjunction the comparison functor is an equivalence 
(see the discussion preceding the statement of Proposition 11.4)1 . To prove the result, it only 
remains to show that there is an isomorphism of comonads between Q_i and L(. 
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We have seen above that the kernel ^' u of the functor L\ is isomorphic to ('Lemrna l7.13D ; 
fix an isomorphism /i : Note that Hom^, = Hom(^,^) = C[e]/(e 2 ) by 

Lemma 16.71 Let £ be the universal twisted sheaf. Step 3 of the proof of of Proposition 16.41 
shows that <?[1]) vanishes over U. Applying the functor RJ4?omji(~, &%) to the 

exact triangle 

1 -> 0 % 

allows one to conclude that Hom(^'| 1 , ) = Hom(^f, <5 ^,) = €[e]/(e 2 ). So we may modify 

/i by a scalar in order that the following diagram commutes: 






It only remains to check that the isomorphism /i is compatible with the comultiplication 
maps 5[ and <5i, that is, the left square in the diagram below commutes. Use the equalities 
(e^ o 1-pr/ ) o 8\ = l-^i and (ei o 1-^ ) o 5\ = 1^ , and the commutativity of the right square to 

conclude that the composition ( e\ o 1-^ ) o(/jo^)oiJ = /i. 


K 


<51 




e l ol -W' 


'' 



<5i 








Thus, (fi o n) o 5[ o is a section of e\ o 1-^ The section tq is unique as composition by 
ei o 1 -p gives an isomorphism Hom(^,^ o ^)^>Hom(<^^, & by Assumption 17.21 and 

Lemma [6771 We conclude the equality cq = (// o /r) o 5^ o /x _1 , proving the commutativity of 
the left square. □ 


8. Variations of Hodge structures 

Let X be a K 3 surface, M := Mjj{v ) a moduli space of sheaves on X, 21 the modular 
Azumaya algebra over M x M, and assume that (M, rj, 21) belongs to the open set U of 
in Theorem 11.81 for some marking rj (see Remark 16.171) . The Hodge structure of the 
Mukai lattice of X can be deformed, as we deform the category D b (M,9) L , of comodules for 
the comonad (L, e, 6 ), along deformations of (M, L, e, 6 ). These deformations of the Hodge 
structure are defined in [Ma41 Theorem 1.10]. The deformed Mukai lattice should be related 
to the Hochschild homology of the category D b (M,9 ) L , and the type (1,1) sublattice should 
be related to the numerical lattice of the Ji-group of D b (M , 0) L . The Mukai lattice of 
as defined in |Ma41 Theorem 1.10], is that of X, by |Ma41 Theorem 1.14]. As we deform 
the Mukai lattice of the class v remains of Hodge-type (1,1), while its orthogonal 

complement remains isometric to H 2 (M, I), by ]Ma4 . Theorem 1.10]. In particular, the class 
v spans the sublattice of integral classes of Hodge type (1,1), for the Mukai lattice of a generic 
deformation of M. This agrees with Theorem 11.91 in the current paper, which suggests that 
the family of deformation we get is the complete family of deformations of D b (X), which 
preserve the Hodge type of the class v. Such deformations include deformations of D b (X ), 
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which are equivalent to derived categories of coherent sheaves in non-commutative and gerby 
deformations of the K3 surface X [Tol MSM j. 
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